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Preface

This book is a collection of solutions to past qualifying examinations for Real Analysis and
Measure Theory (MATH 54400 / MATH-I 544) at Indiana University Indianapolis (formerly
[UPUI).

The solutions presented here are my own and were written independently as a way to study
and practice graduate-level real analysis. They are not official solutions and do not neces-
sarily reflect the methods or expectations of the faculty who prepared or graded the exami-
nations.

Many of the problems have multiple valid approaches, and readers are encour-
aged to develop and compare their own proofs whenever possible. In many cases,
shorter, more elegant proofs are possible.

Preparing these solutions has been an enjoyable way for me to revisit many beautiful results
in measure theory, integration, functional analysis, and related areas. I hope that this
collection will be useful to others studying these subjects.

Naturally, despite careful proofreading, errors or omissions may remain. I would appreciate
hearing about any mistakes, typographical errors, or suggestions for improvement. If you
find an error, typo, or a better solution, please contact me at dinepann at iu [dot] edu.

Last updated: August 2026

Diyath Pannipitiya
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JANUARY 2026

1. Suppose that S is the smallest o-algebra on R containing

{[r,00) : € Q}.

Prove that S is the collection of Borel subsets of R.

Proof. Let B(R) be the Borel o-algebra. Let B(S) be the smallest o-algebra on R
containing {[r,oc0) : r € Q}.

Let a € R. Let (a,).~, be a decreasing sequence of rational numbers such that

ap > ag > - >a and a, — a.

Because the set of rational numbers is dense in R, this is possible.

By definition, [a,,00) € B(S). Because B(S) is a o-algebra, which is closed under
taking countable unions, and

we have

(a,0) € B(S).

Since a € R is arbitrary and B(R) is the smallest o-algebra containing all of the
intervals of the form (a, c0), we have

The converse inclusion
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follows immediately from the fact

x 1
[r,00) = nrjl (r - oo)
for any r € Q. Thus,
B(S) = B(R)

O

2. Let (X, S, u) be a measure space with u(X) < oo, let f : X — [0,00) be an S-
measurable function, and for each ¢ € Z, let

mi=p({zeX 27" < flz) <2'}).

Show that

/fd,u < 00
if and only if

> 2'm,; < oo.

i=1
Proof. For v € Z,, define

Xp={zeX: 27" < f(z) <2'}.

Then,

U X CX.

1€Z

(=). Suppose /fd,u < 00. Then,
ZZimi = Z/ 2'dy
i=1 i=1 7 Xi
=2 / 27'd

§2§/Xifdu
<2/ fdu

< Q.
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(«<). Suppose Y 2'm; < co. Because pu(X) < oo, we have
i=1

wXo) =p{re X :0< fz) <1}) < oo

Thus,
[ fan={ faus [ fau
X Xo UieZ+ X;
<[ faps [ 2 dn
Xo i€z, ¢
- / fdu+> 2m,
Xo i=1
< 0.
Thus,

/fdu<oo — > 2'm,; < oo.
X -

=1

3. Compute the following limit and justify your answer:
lim [©(142) Tsin(%) do,
n—oo Jo n n

Proof 1.

Proof. By the change of variables u = 1 + E, we get
n

/OOO (1 + %) - sin(%) dr = n/loo sin(zn— D du.

Notice that

=n lim
m—0o0

n/ sin(u )du
1

un

/m sin(u — 1) du
1

u’I’L

<n lim m | sin(u — 1)
m—oo Jq

‘du

un

. may—1
<n lim du
m—oo Jq un
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1 1 mn
pu— 1. [ -
oo (—n+2)un2?  (—n+Lur1tl,
(s-a0)
=n — , forn>3
n—2 n-—1
B n
=2 —1)
Thus,
o0 AN x n
< li =) sin(= < li -
O—nlgﬁlo/o (1) () o _nh—{gO<(n—2)(n—1)> 0

Therefore, by the Squeeze theorem,

lim OOO (1 + %>_n sin@) dz = 0.

n—oo n

Proof 2.

Proof. Define the sequences (f,,)22; and (g,)5; of measurable functions by

falz) = (1 + %)_n sin(£>

n
and

respectively.

Then we have
1fu(2)] < gn(z), VzeR,VneN.

Because .
lim <1 + E) =e" for any r € R,
n—oo n
we have
f(z) ani_{gofn(x):e’x-O:O, Ve e R
and
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Notice that,

lim OOgn(x) dr = lim ( lim /m (1 + E) - dx)

= lim n )
n—oo \n — 1
= 1’
and
Y g(x) de = 1i * d
/0 g(x) dz Jim e dz
S
= (e )
Thus,
lim gn(x) do = / g(x) dx.
n—oo 0 0

Therefore, by the general Lebesgue Dominated Convergence Theorem, we get

lim /Ooofn(:c) da::/ooof(:c) dx:/ooodezo.

n—oo

So,

lim ~ (1 + E)_n sin<§> dx = 0.
0 n n

n—oo

5
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4. Let (X, S, ) be a measure space and let Ey, Es, ... be a sequence of measurable sets
in X such that

i p(Ey) < o0

Show that p almost every € X lies in at most finitely many of the sets Fj.

Proof. Let
E :={x € X : x € Ej for infinitely many k € N}.
Then,
E= U E.
n=1k=n

o0

Thus, £ € S. Notice that (U Ek> is a decreasing sequence of measurable sets.

n=1
Hence,
u(E) = lim u ( U Ek)
4%§w@
=0, Y pu(Ey) < oo
k=1
Therefore, 1 almost every = € X lies in at most finitely many of the sets Ej. O

5. Suppose f € L'(R). Prove for Lebesgue a.e. b € R that

£ ()] < f7(b),

where f* denotes the Hardy—Littlewood maximal function associated to f.

Proof. Recall.
If f e LL.(R), its Hardy-Littlewood maximal function is defined by

feey = s [0

r>0 2r Jo—r

6
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Because f € L'(R), we also have

[fl € L'(R) C Lige(R).

loc

Therefore, by the Lebesgue Differentiation Theorem, for Lebesgue almost every b € R,
. 1 b+r
O] = lim o [ |f(@)]do.
On the other hand, by the definition of the Hardy—Littlewood maximal function,

Fre) =swp o [ @)

r>0 2r —r

Hence, for every r > 0,
1

2r

Taking the limit as » — 07 gives

b+r
| @)l de < 1 ).

or a.e . ]-
|£(b)] =€ lim

r—0t 2r

[l < 1)

Therefore,

£ ()] < f7(b)

for Lebesgue almost every b € R.

6. Let C1(]0,1]) denote the normed space of continuously differentiable functions on [0, 1]

with
11 = e (@)
Prove that

is not a Banach space.

Proof. Define the sequence (f,,)2; of functions f, : [0,1] — R by

2, 0<z<i-1
fol@) = -n(z =) +1-%, f-Lt<a<i+l



JANUARY 2026

Because
lim - fn(gj) = lim 7(21') -1 ==
v(3-3) (3-3)
and
2
lim  f.(x)= lim (—n (x - ) +
= (3-7)" o= (3-5)"
we have
2
lim nlr)=1——.
Sty T
Since - -
== )=2(==-=)=1-2
/ <2 n) <2 n)
. . 1
fn is continuous at r = = — —.
2 n

Similarly, one can show that f,, is continuous at x = 3 + —.

Using the definition of the derivative one can show that

(3-0)-
2(3+2) -
1

1
On [0,1] \ {2 + n}’ fn is a polynomial.

Thus, f, is differentiable on [0, 1]. That is,

and

fa € CH([0,1]).

Consider the tent map f : [0, 1] — [0, 1] defined by

Notice that

sl =1-(1-2) =

8

1
n
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Thus,
fo—f under || - || norm.

1
However, f ¢ C1([0,1]) as f is not differentiable at z = 5"

Therefore, C'([0,1]) is not a Banach space under the given norm.

)
1 R
1 + 2 ,,,,,,,,,,,,,,,,,,,,,,,,,,,,, Jf ,711' : \‘\
1—2 L iT ,,,,,,,,
A\

0,0 L1 1 1,1

(0,0) 3w 2 2ty

7. Compute

lim /n sin(z) dz.
n—0o0 J( x

Hint. Use Fubini’s Theorem and use the relation

]_ [e%e)
— = / e " dt
x 0

for any > 0. (You can use that relation without proof.)
Answer.

Let f.(x,t) : RT x RT — R be defined by
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fn($a t) = Sin xe_xtx[o’"] (ZL‘)

First, we show that f,(z,t) is integrable over RT x RT with respect to the product
measure (2-dimensional Lebesgue measure):

/WX]R+ | fr(z)| dtdx = /R+XR+ | sinze " x(o,(2)| dtdx

sinx
/ Xo) (¢) de
n|sin x
= dx
. . 1
Because lim v — 1, there is h > 0 such that ST 1‘ < — forall x € (0,h). Thus,
z—0 I x 2
/” sin x dr — /h sinx d:c—i—/n sin x dx
0| x h| T
</ fdx%—/ 1 dx, o sinz] < |z
fh +(n—h)
n h
=N —_
2

< Q.

Therefore, for each n € N, f,(x,t) is integrable over R* x R*. So, we can use the
Fubini’s theorem as follows.

. : —xt
/WXR+ fol(z) dtde = /]R+><]R+ sinxe™ " x(o.n) () dtdx

:// sin ze™ ™ dtdx
o Jo

= / / sinze ™" dxdt, by Fubini’s theorem
o Jo

Using the Integration by Parts method twice we get

" ~to (15 g
/ sinze ™ dx = [— e (tsinz :— cos x)] = 5 [1 — e ™ (tsinn + cosn))
0 T+t o 1+t

10
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Hence,
/ fol(z) dtde = / / sin e ™" dwdt
Rt xR+ 0 0
o 1
= / m |:1 — eint<t Sinn -+ cos n)j| dt
0
00 1
= / (1 i e ™ cosn — e ™tsin n) dt
0
cos —nt gj mn
= lim {tan1 pp ol & ST (t+ 1)}
m—00 n 0
_m™ cosn sinn
2 n n
Thus,

i [ sin(z) dr— lim (F_Cosm sinn
n—oo Jo T n—oo \ 2 n n

™
5

11
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Throughout the exam, £ denotes the Lebesgue o-algebra on R and A\ denotes the Lebesgue
measure on (R, £).

1. Suppose that a,b,c,d are real numbers with a < b and ¢ < d and let | - | denote the
outer measure of a set. Using only the definition of outer measure, prove that

|(a,b) U (c,d)| = (b—a)+ (d—c)

if and only if
(a,b) N (¢, d) = 0.

Proof. (<) Suppose
(a,b) N (¢, d) = 0.

From the definition of the outer-measure, we get

|(a,b)] =b—a and l(c,d)] =d — c.
Furthermore, we have

|(a,b)U(c,d)| := inf {Z || : Ii’s are open intervals such that (a,b) U (c,d) C | J Ik} .
k=1 k=1

Because (a,b) and (c,d) are also open intervals with
(a.5) U (. d) € (a,) U (e, d),
we get

[(a,b) U (¢, d)] < [(a,0)] +[(¢,d)| = (b—a) + (d = ¢). (2)

12
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Since (a,b) and (c,d) are disjoint, assume without loss of generality that b < ¢, and

choose s € [b, c|. Let {Ox}32, be any open-interval cover of (a,b) U (¢, d). Define
Ik :Okﬂ(—OO,S) and Jk :Okﬂ(S,OO),

discarding the empty sets. Then {I} covers (a,b), {Ji} covers (c,d), and the two
unions are disjoint. Moreover,

[I| + [Jk| < |Ok|

for every k. Therefore,
Dol + Y 1kl <D 1O
k=1 k=1 k=1

Hence restricting the infimum to disjoint separated covers does not change its value.

Thus,
|(a,b) U (c,d)| :=inf {Z(|1k| + |Jk|) : Ik, Ji are open intervals,
k=1
(a,) € U I, (¢,d) € U Jk, and
k=1 k=1
(U ]k) N (U Jk) :(])}'
k=1 k=1

Hence,

|(a,b) U (¢c,d)| :=inf {Z [ Ie| + > |Jk| : Iy, Ji, are open intervals,
k=1 k=1

((I, b) - U ]ka (C7 d) - Jka and
1

k=1 k=

()2 (G2) =]

+ inf {Z |Jk| © Ji are open intervals such that (c,d) C | J Jk}
k=1 k=1

= [(a, b)| + [(c, d)].

13
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Thus,

|(a,0) U (¢, d)| = (b—a) + (d —¢). (3)

Therefore by Equations (2) and (3) we get

[(a,b) U (c,d)] = (b—a)+ (d — c).

(=) Suppose
(@, b) U (¢, d)| = (b —a) + (d - ¢).
Assume a < d. It is clear that (a,b) cannot be inside (¢, d) as it would then imply

(b—a)+(d—c)=[(a,b) U(c,d)| = [(c,d)] = (d —¢),

which is a contradiction. Thus, if (a,b) N (¢,d) # 0, then we must have a < ¢ < b < d
with (a,b) C (a,d) and (¢,d) C (a,d). Then

(b—a)+(d=c)=(a,0) U(c,d)| = [(a,d)| = (d — a).

This implies
b=c,

which is a contradiction as ¢ < b. Therefore,

(a,b) N (¢, d) = 0.

This completes the proof. O

2. Is there a measurable set £ C [0, 1] such that for any 0 < a < b < 1 we have

AE N [a,b]) = b;“?

Either prove that such a set exists (an explicit example is preferred) or prove that such
a set does not exist.

Proof. We prove such a set cannot exist. For the sake of contradiction, let’s assume

there exists a measurable set E C [0, 1] such that

b—a
2

AEN [a,b]) =

14
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for any non-degenerated (not singletons) closed interval [a, b] C [0, 1].

It is clear that A(F) > 0. Else, we get the contradiction

0:/\(E):/\(Eﬁ[0,1]):1;0:;.

We also have A(F) # 1. If A(E) = 1, then we get the contradiction

1-0 1
1=M\E)=XEN[0,1]) = — = =.
2 2
For any € > 0 exists a collection {I;}72; of mutually disjoint open intervals of [0, 1]
such that

EcJIk and  AE)+2e>> A(Iy).

k=1 k=1

Using the hypothesis, then we get

P
5
Il
>
&
D)
bl
I
=
~_

I
>
N

=
Il

(EN [k))

1

I
NE
>

&
D)
=

=
Il
—

>
—~
-
N>

=
Il

I
8
Oy
/>< \]
=

I
>N N

—
[\th
S~—

I
R

—

A

AME) + 2¢)

+
m

Thus,
A(

S

Because € > 0 is arbitrary, we get

This is a contradiction.

Therefore, such a set does not exist.

15
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3. Prove that there is no positive measurable function f(z) on [0, 1] such that

lim [ [f(z)]"d\ = 2.

n—oo

Proof. Suppose, for contradiction, that such a function exists. Define the sequence

(fn)o2, of positive measurable functions by

On
A:={ze€|0,1]: f(x) > 1},

fn is increasing to oco. Thus, we must have A(A) = 0 because otherwise we get

lim [[f(z)]"d\ = o0

n—oo
by the Monotone Convergence Theorem.

On
B:={z€0,1]: f(x) < 1},

fn is decreasing to 0. By using the Monotone Convergence Theorem (on the sequence
(f1 — f2)22) we see that

/ o dX = 0.
B
Thus, we must have
2=1 () d
Jim [O,l]f () dx
= Jim [ falo) de ot Jim [ (o) de ol [ fale)
=0+0+ L n(x) dA
0+ Jim [, (@)
= lim () dA.
We also have
lim () d\ = lim 1" dx =\ (fH{1)).
n—o0 f—l{l}f( ) n—oo f_l{l} <f { })

16
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Thus,
A1) =2

This is a contradiction as

A1) < A0 ) =1

Therefore, such a function cannot exist.

4. Suppose that (X, S) is a measurable space and f: X — R is a function. Let
graph(f) C X xR

denote the graph of f:
graph(f) = {(z, f(z)) : v € X}.

Let B denote the o-algebra of Borel subsets of R. Prove that
graph(f) €e S® B

if f is an S-measurable function. (Here, S ® B denotes the product o-algebra.)

Proof. Define the (coordinate) projections
mx : X XR—= X, TR X XR—=R

by
mx(z,y) =2 and  mr(z,y) =y
respectively.

Because
v (E)=ExReS®B  forevery EeS,

the map 7x is (S ® B, S)-measurable.

Similarly, mg is (S ® B, B)-measurable, since for every B € B, we have

R (B)=XxBcS®B.

Because f : X — R is S-measurable, the composition
forx: X xR—-R

17
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is (S ® B)-measurable. Therefore, the function
F: XxR—-R

defined by
F(z,y) = f(z) —y
is measurable, since

F=forxy —mg
is the difference of two measurable real-valued functions.

Notice that

graph(f) = {(z,y) € X xR :y = f(z)}
r,y) € X xR: f(x) —y =0}
r,y) € X xR : F(x,y) =0}

F=({0}).

It is clear that {0} € B. Because F' is measurable, we get

F{o}) e S®B.

That is:
graph(f) € S® B.

5. Recall that ¢! consists of all sequences (ay,as,as, ...) of real numbers such that
> ak| < oo
k=1
(a) Show that

(a1, as,as, . ..)||c = sup |a|
keN

defines a norm on #*.

(b) Prove that ¢! with the norm || - || is not a Banach space.

Answer.

(a) Positive Definiteness
Let a = (az);2, € ¢'. Because we take the supremum of the absolute values of

18
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the terms ay, we have ||d||o > 0. Furthermore
@]l = 0 <= sup|ay| =0
keN

< |ax| =0 VkeN
<— aq,=0 VkeN

— a=0.

Homogeneity.
Let ¢ € R. Then,

—
llealloo = [le(ar)iZilloo
= [l(car)iZ l]so

= sup |cay|
keN

= sup ] - |ay|
kEN
= [e| sup [ax|
kEN
—
= [ell[@l]oo-

Sub-additivity (Triangle Inequality).
_>
Let a = (a3)2,, b = (b)32, € ¢*. Then,

- 7 0 0
la + blloo = [[(ar)iZs + (0r)iZlloo
= [|(arx + br)pZy|loo

— sup|ay + by
keN

IN

sup(|ax| + [bx])
keN

< sup |ag| + sup ||

keN keN
N -
= [lalloc +[[0]l-
Thus, || - ||« defines a norm on ¢*.

(b) Proof. Define the sequence (a,)2, of points in /* by

[ N
72737 7n_17n

Enz(”ak)g;lz(1 ,0,0,0,~->.

19
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That is, the first n elements of a, are

1,

w\»—t
3

|

[a—y
S|

1
79’
and the rest of the elements are 0.

Because

Z ["ax| =

we have En € ¢! for all n € N.

||M:

;v\
M:

|
A
3

1
For given ¢ > 0, let N € N be such that N < e. Let m,n € N be such that
N <m < n. Then,

= N 1 1 1 1
Han_amHoo:H(OaO?()a 7m+17m+27"' 7n_17n7070707"'>”oo
1
C om+1
1
SN
< €.

Thus, the sequence (Zn)n , is a Cauchy sequence.

Let
i=(3),
a=|- .
K/ =1
Then,
1 1 1
||3n_3||00: (070707"'7 ) ) 7)
n+1l n+2 n+3 o
1
S n+ 1
. | . . 11 1
Thus, (a,)32; converges in || ||, to a. However, a = | 1, 33 ¢ ¢ because
ST
=
Therefore, ¢! is not a Banach space under || - ||o norm. O

20
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6. Recall that ¢ is the Banach space that consists of all bounded sequences

(ab g2, as, . . )

of real numbers equipped with the norm

H(ala Qg, as, . . )Hoo = sup ‘ak‘
keN

Show that there exists a linear functional
=R

such that

|¢(a1a a2, as, . . )| S ||(CL1,CL2,CL3, .. )HOO

for all (ay,as9,as,...) € £>°, and

lim ay,

olay, as,as,...) = Jim

for all (ay,as,as,...) € £ such that limy_,, a) exists.

Proof. Let
A= {(an) € (= lim ay ex1sts} :
It is easy to verify that A is a linear subspace of £°°.

Define a linear functional
L:A—R

by
L((a,)) = lim a,.

n—oo

Since the limit of a sum is the sum of the limits and the limit of a scalar multiple is

the corresponding scalar multiple, L is linear.

Next, suppose (a,) € c¢. Then

lim a
n—oo n

| L((an))| =

= Jizg, Jan

< sup ay,|
neN

[1(@n)loo-

21
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Hence,
IL]] < L.

By the Hahn-Banach Theorem, then there exists a bounded linear functional
p: > — R

such that
pla=L and  |¢| =[L] <1

Therefore, for every (a,) € (*°, we have
lp((an))] < llell [(an)lloe < l(an)loo-
Finally, if (a,) € A C (>, then

o((an)) = L((an)) = lim ay,.

n—o0

This completes the proof.

22
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Throughout the exam, A denotes the Lebesgue measure on (R, £).

Problem 1. Show that the set of all real numbers that have a decimal expansion with the

digit 5 appearing infinitely often is a Borel set.

Proof. Because the collection of all Borel sets is a o-algebra, it is closed under taking com-
plements. We will show that the set of all real numbers that have a decimal expansion with

digit 5 appearing finitely many times is a Borel set.

Furthermore, since a o-algebra is closed under taking countable unions,

R = J[n,n+1], and [n,n+ 1] = n + [0,1] for any n € Z, we will show that the set of all

nez

numbers in the interval [0, 1] that have a decimal expansion with digit 5 appearing finitely

many times is a Borel set. For k € Ny, define

Then,

By

By =

Bs

By, := {x € [0,1] : decimal expansion of x has exactly k& number of 5’s}.

_ 5+ B,
10

5+ B
10

5+ By
10

o U
o U

u U

CZ15 -+ BQ
— U
102

a1=0
a1#5
5+ B
aq +2 1U
4120 10
a1#5
9
a1b+ B
10+ 2
102

a1=0
a1#5

9
ajasb + B

U 142 - 0 U
ay,a2=0 10
a1,a2#5

CJ CL16L25 + B1 U
ay,a2=0 103
a1,a2#5

ng a1a25 + BQ U
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a1,a2#5
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9
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Here by ajas, for example, we mean the two digits a; and as of the number aias; not the

multiplication a; X as.

Thus, it suffices to show that By is Borel. Let

[0 - [O, 1]
9
I
I = I\[0.5,0.6) = | ) 710
2o 10
m#5
9 m + Il
I, —
’ mgo 10
m#5
O m+1,
L,
+1 mgo 0
m#5
Then, By = ﬂ I,,. Thus, By is Borel. This completes the proof. O

n=0

Problem 2. Suppose (X, S, ) is a measure space and h € L' (u). Prove for any ¢ > 0 that
p({r € X (@) > c}) < Jhll
Proof. Let ¢ > 0. Then, X = AU B where
A={x e X :|h(z)| <c} and B:={z € X :|h(x)| > c}.
Thus,

il = Wl + sl > sl = [ bl de> [ e du=c-p(B)
1
Therefore, pu(B) < —||h|1. O
c

24



JANUARY 2025

Problem 3. Prove the existence of the limit

1 67’1/5[7
li . d\
6 R1+22 1+ew (z)

and compute it.

1 6TL"E
1+22 1+ew
Then, f, ~ f. Furthermore, we have the improper integral

Proof. For n € N, define f,, : R — R by f,(z) :=

Let f: R — R be

defined by f(z) := 22

1
/ 522 d\(z) = . Therefore, by the Lebesgue Dominated Convergence Theorem,
R x

1 nx
lim / N d\(z) = 7.
n—oo Jrp 1+ a2 14 en®

]

Problem 4. A sequence of measurable functions f, : [0, 1] — [—00, 00] is said to converge
in measure to a measurable function f : [0, 1] — [—o0, 00| if

for any ¢ > 0, nglgoA{x € 0,1 :|(fn— f)(x)] >0} =0.

Suppose that for each n € Z* we have f,, € £'([0,1]) and also that f € £'([0,1]). If f, — f
in measure, does it imply that

im [ f, d\— / £ dx?
0.1

n—o0 [0,1]

Either prove it or give an explicit counterexample.

Answer. Let f, := "X[o,1] and f = 0. Notice that

{z €[0,1] : |(fn — f)(x)] >0} = {:L’ € [0,1] FNX[o,1] > (5} - [0, H for large enough n.
Thus,
1
p{z € 0,1 |(fa = f)(2)| > }) = — = 0.
This implies, f, & f = 0.
But

1
/ fndu=n/ X1 dpp=mn-—=1-»0= [ dp.
0,1] o, "~ n [0.1]
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Problem 5. Let C([0,1]) denote the vector space of all continuous functions f : [0,1] — R

with the operations of addition and scalar multiplication done pointwise. Prove that C(]0, 1])

1
with the norm defined by / |f] is not a Banach space.
0

Proof. Define the sequence (f,,),~, of functions by f,(z) := nzx( 1;(x) + x(1 ;;(x). That is:

nx, if()gmg%,
1, ifi<a<l.
n

falz) =
Also, define the function f : [0,1] — [0, 1] by

0, ifxz=0,
fz) = .
1, if0<z< 1.

Then,

1 ¥ 1 1 1 1
/fndMZ/ nﬁd/H-/ldM:*Jrl—f—H:/fd,u.
0 0 1 2n n 0

But f ¢ C([0,1]) even though f,, € C(]0,1]) for all n € N.

Problem 6. Let £'(R) denote the Lebesgue measurable functions f : R — R such that
fllL = /\f| d\ < oo. Ignoring that there exist non-zero functions f € L£'(R) with

|| f]]1 =0, let us consider (L'(R),|| - ||1) as a normed linear space.

(a). Show for Lebesgue almost every = € R that

/f(x — y)e’y2 dA(y)

is a finite number.

(b). Define a new function Af : R — [—o0,00] by Af(z) = /f(:c —y)e " d\(y). Prove

that Af € L'(R).

(c). Show that A defines a bounded linear transformation A : £'(R) — £'(R) and show

that ||A|| < /7.
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Proof. (a). By change of variables we get

[ ra=ye” axw)| =/ s v)
< [1f@) du), - e @ <
< Q.

Thus, the given integral is finite for almost every z € R.
Note. The almost every part comes from the fact:
“f € LYR) = f(x) < oo for almost every x € R".

(b).

/|Af|d)\ /‘/fx— )= dA(y )‘ d\(z)
<//)fg;—ye 2| d\(y) d\(x)
= [ [1f@ =)l dAy) dA@)
- / / f(z — )| - e dA\(z) dA(y), by part (a) and Tonelli’s Theorem
= [ [[ 15—yl ax@)] arw)
= [ 111l ax)

= Ilfll [ e axw)
= Il V7.

Note. To see why /e’y2 d\(y) = /7.

Let [ := / ¢~ d\(y). Then

2= (/ e’ d)\( )) X (/e*ﬁ dA(:z:))
e oo

2
= / / e"r dr df, where r? = 22 + ¢* tanf = Ly
0 x

2 —r? 0 27
:/ [6 ] do == [ ap
0 2 - 2 Jo

=7

Thus, I = /7.
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(c). For f,g € L}(R) and K € R we have

A(f +Kg) = [ [z =) + Kg(w — )] e dA(y)

- /f(-l" — y)e‘y2 d\(y) + K/Q(ZE — y)e_y2 d\(y), - integration is linear

Thus, A is linear. From part (b) we have ||Af]| < /7||f]1 for any f € £L}(R). Thus,
1Al < v/,
[
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Below, m*(-) and m(-) are the outer Lebesgue and Lebesgue measures on the real line.

1. Let A be a non-measurable set. Show that there exists an open set O such that
ACO

and

m*(0) <m*(A) +m* (O \ A).

Proof. For the sake of contradiction, suppose that for any open set O C R with A C O,
we have

m(0) =m*(A) +m*(O \ A).
Then,

inf m(0O)= inf {m"(A)+m"(O\A)}.

open ODA open ODA

From the definition of the outer measure of A, we have

inf  m(0) =m*(A4).

open ODA
Thus,
w(A) = i (A) +m (0 A)}
=m"(A) + Operllnngm (O\ A).
Hence,

inf m*(O\A)=0.

open ODA

Therefore, we can find a decreasing sequence (O,,),-, of open sets such that
. 1
0,DA and m* (O, \ A) < —.
n
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Let G be the G5 set:
G .= ﬂ 0,.
n=1

Because G\ A = [ (0, \ A), we get

n=1
*( \ )< !
m* (G A n.

Because this is true for any n € N,

m*(G\ A) = 0.

Because Lebesgue measure is a complete measure, this implies G \ A is measurable.
Since

A=G\(G\A4),

then A is also measurable. This is a contradiction. Thus, there is an open set O D A
such that

m(0) < m*(A) +m*(O \ A).

2. (a) Does f is continuous a.e. on [0, 1] imply that
f=g¢g ae on0,1]

for some continuous function g?
(b) Does
f=g ae on0,1]
for some continuous function g imply that f is continuous a.e. on [0, 1]?

Solution.

(a) We disprove the statement by giving a counterexample.
Consider the function f : [0, 1] — [0, 1] defined by

The function f is continuous at every point of [0, 1] except = = % Hence f is

continuous almost everywhere on [0, 1]. Suppose, for a sake of contradiction, that
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there exists a continuous function ¢ : [0,1] — R such that
f€g on [0, 1].

1

,3), continuity of g implies that

1
1)
2

Indeed, if g(zq) # 0 for some zy < %, then by continuity, there would be an open

Since ¢ £ 0 almost everywhere on [O

g(x) =0  for every x €

interval containing xy on which g # 0, contradicting the fact that ¢ = 0 almost

everywhere on [0, %) Therefore,

a.e 1 . . . .
Similarly, since g = 1 almost everywhere on <2, 1}, continuity implies that

1
g(x)=1 for every x € (2, 1} :

1
Consequently, by taking the right hand side limit at z = 7 we get

(2)-
g\5) =1
This is a contradiction. Therefore, a function may be continuous almost every-

where without being equal almost everywhere to any continuous function.

No. Consider the function f : [0,1] — [0, 1] defined by

0, z€[0,1]NQ

fla) = 1, z€][0,1]\Q.

The density of the set of rationals and irrationals in [0, 1] implies that f is not
continuous anywhere on [0, 1]. Let g : [0, 1] — [0, 1] be defined by g = 1. Then, g is
continuous. Because the set of rational numbers is of measure zero, we have f % ¢

on [0, 1], even though f is not continuous at all (let alone almost everywhere).

3. Let f(x) be a function of bounded variation on [a,b] and

U(l’) =TV (f| [a@])
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be its total variation function (TV(f) = v(b) is the total variation of f on [a, b]). Show

that

(a)

/()] < o'(x)

for almost every x € [a, b] and that

[ Ap1=Tvisy
[a,b]

S, =TV

if f in addition is absolutely continuous.

Proof. Recall that
v(z) =TV (fliaa)) » x € |a,b].

In particular, v is non-decreasing and v(a) = 0. For any a < x <y < b, we have

1f(y) = @) < TV (fliwy) = v(y) — v(@).

Therefore,
—(v(y) —v(@)) < fly) — flz) < o(y) —v(=).
From the left inequality, we get

(v +f)(y) = (v + f)x) = vly) —v(@) + fly) — f(z) =0

and from the right inequality, we get
(v=1)y) = (v=f)x) =v(y) —v(x) - fly) + f(z) = 0.

Thus, both v + f and v — f are non-decreasing functions on [a, b].

Since every monotone function is differentiable almost everywhere, v+ f and v— f
are differentiable almost everywhere. Consequently, v and f are differentiable
almost everywhere. The reason is:

1
v is differentiable almost everywhere because v = 5[(@ + )+ (v—f)].

1
f is differentiable almost everywhere because f = 5[(7) +f)—(w—=[)].

At every point where these derivatives exist, we get

(v+ f)(z) =0(2)+ f(x) >0
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and
Thus,

and therefore
()| < v'(x)
for almost every z € [a, b].

Because v is non-decreasing, its derivative is nonnegative almost everywhere, and

/ab V'(x)dx < v(b) —v(a).

It follows that

/|f \d;z:</ ) da < v(b) — v(a) = TV(f).

Hence,

[, =TV,
This completes the proof of part (a). H
Proof. Suppose in addition that f is absolutely continuous on [a, b]. By part (a),

b
[ 1 @)lde < TV ().
To prove the reverse inequality, let
P={a=zy<z1<--- <z, =0}

be an arbitrary partition of [a,b]. Since f is absolutely continuous, the Funda-
mental Theorem of Calculus gives

T

flx) — flxioq) = /m f'(x)dx  foreach i=1,--- n.

i—1

Therefore,

Z:‘f(ﬂiz) — flwia)| = z; /xllf’(fb') dx
<Z/z B x)|dx

= /a f(x)] de.
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Taking the supremum over all partitions P, we get

V() < [ IF @) dr

Thus, by combining this with the inequality from part (a), we get

J =TV ).

This completes the proof of part (b),

4. Let E be a measurable set with m(FE) < co. Show that

lim m(EN[x—6,x+0])

5—0 25 =1
for almost every x € F.

(In fact, the limit is equal to x g, the characteristic function of E, almost everywhere
on R.)

Proof. Let xg be the characteristic function of E. Since E is measurable and m(E) <
o0, we have
xe € L'(R).

Let .
Flz) ;:/0 xu(t) dt = m(EN10,]).

Then, by the Lebesgue Differentiation Theorem,

F'(z) = xp(x) for almost every z € E.

We also have
F(x+0)— F(x —9)

F(a) =l 25
That is
y . +6 ) 1
F'(z) = glir(l) % ) s xe(t) dt = %151) %m(E N[z — 0,2+ 0d]).
Hence,

1
lim —m(E N[z —0d,z+0]) = xp(x) for almost every x € E.
50 28

But xg(z) =1 on E. Thus,
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1
(lsl_r}(l] 2—5m(E Nz—6x+0]) =1 for almost every x € FE.

]

5. Let f be an integrable function on [0, 1] such that log|f| is also integrable on [0, 1],
where, as usual, log is the logarithm base e. Show that

r_1
lim i = log | f].
p—0+ J[0,1] p [0,1]

Proof. For p > 0, define ¢ : [0,00) — R by

Let p € (0,1).

If z € [0, 1], then,

Pl 1—a2? 1-z 1
I e R
p p p p
If x > 1, then
P_1] aP—1 _ x-—1 1
o) = || = T < Tt < T
p p p p
Thus, for any 0 < p < 1, we have
1
lpp(2)| < T for every x € [0, 00) (4)

Because f € L*([0,1]), f is finite for almost every point on [0, 1]. And because log | f| €
L'([0,1]), f(x) # 0 for almost every point on [0,1]. Thus, 0 < |f(x)| < co for almost
every x € [0, 1].

By combining with Equation (4), for any 0 < p < 1, we then get
1
|op(1f(2)])] < W for almost every x € (0, 00). (5)
Because f € L!'(R), this implies

¢y o |f| € L*(R) for any 0 <p < 1.
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notice that, for z > 0,

. P —1 L'Hopital . d (2P —1
lim = lim —
p—0+ P p—0+ dp P

, Plnx —0
= lim ——
p—07+ 1
=Inz.
Hence, for almost every x > 0, we have
P—1
lirél+ <|f|> =In|f|. (6)
p— p

Thus, by Equations (5), (6), and the Lebesgue Dominated Convergence Theorem, we
get

LIflP— 1 1
lim/ m:/ In|f].
p—0+ Jo p 0

6. Let f be as in the previous problem. Show that

(a)

e { [ toelsth <ot = ([ 1)

for any p € (0, 1];
: <
Tim £l < exp {/[o,u log |f\}

(use Problem 5).
(This problem shows that

i = exp { [ toels1f )

(a) Proof. From the proof of the previous problem we have ¢, o |f| € L'([0,1]) for
p € (0,1).
That is

17 =1
p

/

‘<oo for 0 <p< 1.
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1

This implies / |f|P < oo, and therefore f € LP([0,1]) for 0 < p < 1 (the case
0

p = 1 comes from the hypothesis f € L(]0, 1])).

(Note: f € LP([0,1]) <= |f|’ € L*([0,1]).)

Let p € (0,1]. Because exp(x) is convex, and

exp (In ([f7)) =[£I € L'([0, 1)),

by Jensen’s inequality we get

oo ([ m1517)) < [ exp n(1517).

oo ([ wlrl) < [ 1117
oo ([ mlfl) < 17l

(b) From the previous problem, we have

[t = [ LEZL- ([ ir-1).

e =p [ e+,

That is

This implies

Thus,

and therefore )
- 1) "
171 = (o [ @D+
By taking In from both sides we get,

llfll, =t (2 [ 6u1)+1)

We have In(1 + z) < x for z > 0. Hence,

(p [ ol +1)
[ o)
o111

I [[ f]l, =

<

I
—_— R,

[0,1]

37



AUGUST 2024

From the previous problem, we have

tim [ 6(1f) = [ sl

p—0% J[0,1]

Thus,

lim 1 </ In |£].
Jm Inflfflp < o S

From the continuity of In we have

In ( li </1.
o (tin Nf11) < [l

Because exp x is an increasing function, we then get

I < /1 )
i 17l < exp ([ nlf

This completes the proof of part (b).

38



JANUARY 2024

Below m*() and m(-) are the outer Lebesgue measure and the Lebesgue measure on the real

line.

Problem 1. Let {E,}, be pairwise disjoint measurable sets, F = U E,, and A be any set.
Show that
m* (ENA)=> m*(E,NA).

Proof. By the countable sub-additivity,

m*(ENA) <> m'(E, N A).

Thus, if we can show the opposite inequality, then we are done. Because E; is measurable,
by the definition of measurability and the pairwise disjointness of {E, },—1 we get

m*(ENA) = m*(E; N A) + m*< L [(E, N A)).
n=2

This implies for any N € N,

N

m* (ENA)=> m*(E,NA) —|—m*< || (B, ﬂA)).

n=1 n=N+1

Therefore, for any N € N,
N
m (ENA)>> m"(E,NA).

n=1

Then, by taking the limit as N — oo, we get

m* (ENA)>> m"(E,NA).

n=1

This completes the proof. O

39



JANUARY 2024

Problem 2. Let f be a continuous function on [0, 1]. Show that there exists a measurable
subset £ C [0, 1] such that f(E) is not measurable if and only if there exists A C [0, 1] such
that m(A) = 0 and m*(f(A)) > 0.

Proof. (=). Suppose there is a measurable set F C [0, 1] such that f(F) is not measurable.
Because E' is measurable, there is a G5 set G D E such that m(G \ F) = 0. Let A:= G\ E.
So, m(A) = 0. Because the continuous image of a G5 set is measurable, and sets with zero

outer-measure are also measurable, we must then have f(A) non-measurable. Because

(@) = F(E)U f(A),

if f(F) is non-measurable, then f(A) cannot be measurable. Hence, m*(f(A)) > 0.

(<) Suppose there exists A C [0, 1] such that m(A) = 0 and m*(f(A)) > 0. Then by Vitali’s
theorem, there is F' C f(A) such that F is non-measurable. Let £ = AN f~'(F). Then E
is measurable as m(FE) = 0 and f(F) = F' is non-measurable. O

Problem 3. Let {f,}, be a sequence of measurable functions on F, m(E) < oo. Assume
that for every x € E there exists a constant M, such that |f,,(x)| < M, for all n. Show that
for every € > 0 there exists a closed set F, C E and a constant M, such that |f,(z)| < M.,
for all n and = € F,, and m(E\F,) < e.

Proof. For each M € N, define
Ey ={z € E:|fu(z)| < M for every n € N}.

Equivalently,

o0

Ey = Ol{x eE:|fulx) <M}.

Since each f, is measurable, F,; is measurable. Moreover, we have
EyCEC---CE,CEp1 C-o-.

By hypothesis, for every € F there exists a finite constant M, such that

|fu(2)| < M, for every n € N.

By choosing an integer M > M, we obtain x € F);. Hence,

E=J Eum

M=1
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Because m(E) < oo, continuity from below gives
m(Ey) / m(E) as M — oo.
Therefore, there exists M, € N such that

m(E \ EME> <

N ™

By the inner regularity of Lebesgue measure, there exists a compact set . C FEj,;. such that

m(Ey. \ F.) < %
Thus,
m(E\ Fo) <m(E\ En) +m(Ey, \ Fr)
P
2 2
= €.
Finally, since F. C E);, we have
|[fn(z)| < M.
for every n € N and every x € F.. Since F. is compact, it is closed. This completes the
proof. O]
Proof 2.

Proof. Let € > 0 be given. Because m(E) < oo, we can find N, € N such that m(E\[—N,, N¢|) <
€/2. Let G := EN[—N,, N¢|. Then, by Lusin’s theorem, we can find a decreasing sequence
(Fy)n=1 of compact subsets of G, such that for each n € N, f, is continuous on F,, and
m(FA\F,) < eXp_1/2M1 Let F. = N,—1 Fn. Then m(E\F,) < €/2 4+ e¥>,_; 1/2F1 =
€/2+€/2=c¢.

It remains to show that there is a uniform constant M, such that |f,(x)| < M, for all n
and x € F.. For a contradiction let’s assume that it is not the case. Then the decreasing
sequence (A;);— of compact sets defined by

Aj=A{x € F.:|fy,(x)| > j for some n; € N}

has non-empty intersection by the Cantor’s intersection theorem. Then for any x¢ € ;-1 A;,
we have My, > |fy,(z0)| > j for all j € N. This implies M,, = co. Contradiction. O

Problem 4. Let { f,}, be sequence of functions on [0, 1] whose total variations are uniformly
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bounded. If f, — f pointwise on [0, 1] as n — oo, show that f is a function of bounded
variation. Will the conclusion remain true if we simply assume that each f,, is a function of
bounded variation? (justify your answer)

Proof. Let 0 < ¢ < 1 be given. Let P := {0 = x¢,21--- 2,1 = 1} be a partition of
[0,1]. Then for each j € {0,---m — 1}, there is f, such that |f, (2;) — f(z;)| < 5. Let
M > max{n; :j=0,---,m—1}. Then |fa(z;) — f(z;)| < 55 forall j =0,--- ,m —1. Let
K > 0 be a uniform bound such that TV (f,) < K for all n € N. Then

-1

3

V(f,P)

!
N

|f(z5) = flzj-1)]

—_

Ty

A
g

umwﬁmm+$umm—M@mwiymwm—mwm

<.
Il
—

<e/

\)

+K+e2=e+K<1+K.
Hence f € Fpv([0,1]). O

For the second part: No. Let f be any (almost everywhere) continuous function on [0, 1]
which is not of bounded variation. By Weierstrass polynomial approximation theorem, there
is a sequence (P, ),=1 of polynomial functions on [0, 1] that converges uniformly to f. But
each P, is of bounded variation as any polynomial on a compact interval is Lipschitz.

Problem 5. Let {f,}, be sequence of measurable functions on a measurable set £ that
converges almost everywhere on E to an integrable function f. Show that

/E|fn—f|—>()ifandonlyif/E|fn|—>/E|f|

(both limits taking place as n — 00).

Proof. (=). Because ||f,| — | f|| < |fa — f|, we have

Jutt=[age=s1< [ oz L1s1+ L1811

. Then, by taking the limit, we get

Jm [l = [ 171

Note: By the second inequality and the hypothesis, we have that for all but finitely many
neN, f, e L'([0,1]).
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(«<). Notice that |f, — f| = 0, and [5|fn — f| < [g|fal + J5|f] < oo for all but finitely
many n € N (" [g|ful = Jg|f]). Then, by the General Lebesgue Dominated Convergence
Theorem, we get the claim [ |f, — f] = 0. O

Problem 6. Let f € LP[0,1] for some p > 1. Show that f € L'[0,1] and that for any
c € (0,]f[|1) it holds that

e € 0,112 1) > o) = (V=r)"

where ¢ is the conjugate exponent of p.
Proof. Let Ey :={x € [0,1] : |f(x)] > 1}. Then
A< [ 1+ [ IS+ 1 < oo
B 0,1\ E1

Thus f € L'[0,1].

If [|f]l, = 0, then f £ 0. Thus, we have the claim vacuously, as such a 0 < ¢ < 0
does not exist. So, suppose ||f||, # 0. Because ¢ € (0,[|f]l1), |[f]li —¢ > 0. Let
E.:={zx€0,1]: |f(z)| > c¢}. Then

Ul < et [ 171 e, < e 11l - m(E)

Hence

k) > (Vi)'
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In what follows, m(-) is the Lebesgue measure on the real line and E is measurable.

Problem 1. Let E be a measurable set for which there exists § € (0, 1) such that m(ENI) >
dm(I) for any interval I C (—o0,00). Show that m((—oo0,c0)\E) = 0.

Proof. Let F' C (—00,00)\E be such that m(F') < oo. Then for any e > 0, there is a count-
able collection {I,},-1 of disjoint open intervals such that ||,_; I, D F and }_,,_ m(I,) <
m(F) + de. Hence

5 Z_:lm(ln) <m(EN|] L)< m(( | | In>\F) - z_:lm(fn) — m(F) = be.

Thus, > m(I,) < e. Since € > 0 is arbitrary, this implies m(F) = 0 as F' C |,—, I,. Because
n=1
Fis arbitrary, and any measurable set with infinite measure always have a measurable subset

with finite measure, we have the claim. O

Problem 2. A sequence of measurable functions f,, on E' converges to a measurable function
f in measure on E if lim, oo m{x : |(f, — f)(z)| > 6} =0 for any 6 > 0. Show that

(a) almost everywhere convergence implies convergence in measure if m(E) < oo;

(b) almost everywhere convergence does not imply in general convergence in measure if
m(E) = oo;

(c) converge in measure does not imply in general almost everywhere convergence even if
m(E) < oo.

Proof. (a) Suppose f, =% f on E. Let ¢ > 0. Then by Egoroff’s theorem, there is closed
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F C E such that f, = f on F and m(E\F) < e. Therefore for any § > 0, we have

iz € B [(fa— P@)| > 6 = miz € F - (fu— N)e)| > 6}+
m{z € E\F : |(f, — f)(x)] > 0}
<m{x € F:|(fu— f)lx)] >} +e

Because € > 0 is arbitrary and lim,, oo m{z € F : |(f, — f)(z)| > 0} = 0, we have the
claim.

(b) Let £ = [0,00) and define the sequence of measurable functions (f,),—1 on E by
Jrn = X[noo)- Thus for any x € E, f,(z) — 0. But, for example,

T e [(f— 0)(@)] > 1/2) = Jim m([n, ) = o
(c) Define a collection { Ej , fo<k<m—1, m=1 of intervals of [0, 1] by Ej ., := [k/m, (k+1)/m].
Define the sequence (f,)n—o of measurable functions on [0,1] by f, = xg,, Where
n=m(m-—1)/2+k,neN,0<k<m—1. In other words, (f,),=1 are the indicator

functions of the sequence of sets:

1. .1 1.1 2, 2 )

12,1000, 2], [5, 2[5, 1], -

0,1],10, = ==
([’]’[’2 2 3737373

Then for any x € [0, 1], we can find sub sequences (fy,)i=1 and (f,,);=1, say, such that
fn;(x) = 0 and f,,(z) = 1 (simply by choosing k,m so that x ¢ Ej,, and z € Ej
respectively). Thus (f,,),=1 does not converge point-wise anywhere in [0, 1]. But for
any 0 < 0 < 1 we have

m({z €[0,1] : fulz) > 6}) = m(Ejm) =1/m < 1/y/n,

and for any § > 1 we have m({z € [0,1] : fu(2) > 0}) = 0. Thus (f,)n=1 converges to

f =0 in measure on [0, 1].

]

See the following Problem 3 for a slightly different example.

Problem 3. Show that if functions f, are non-negative and measurable on £ and [ f,, <
1/n? , then f, — 0 holds almost everywhere on E. Will the claim remain true if 1/n? is
replaced by 1/n?

Proof. (See Problem 5 of August 2021 for a different proof)
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Let F:={z € E: f,(x) » 0}. Then

-U N Uteer: o> 1m.

With Chebyshev’s inequality and the continuity of the Lebesgue measure, we have
=m( | ﬂ U{zeE: fulx) > 1/k})
k=1 n=
<3 Jim m( U {x € B fule) > 1/k))

k=1 n=N

k=1 n=N
o0 o0 o0 o0 k

<> lim > k| fo<d lim > — =0.
= Vo oy B iDL N Ty

]

No. We can inductively construct a sequence (a,)n—o of numbers in [0, 1] with the following
properties:

i. ap =0 and for any n € N, a,, # a,41.
ii. Forn € N, if a, + 1/n <1, then let a1 := a, + 1/n.
iii. Forn € N, if a, <1 and a,, + 1/n > 1, then let a,,1 = 1 and a, 4o = 0.

So the sequence has an infinite number of finite strings of consecutive terms starting from
0 and ending at 1, again and again. This is possible as }_,,_; 1/n = oo implies that for any
k € N, there is K € N such that 3%, 1/n > 1 =m([0, 1]).

Then we can define a sequence I, := [by, b,+1] of closed sub-intervals of [0, 1] where b, =
an+ i, for some K, € N such that b,,1 —0b, < 1/n, and for any n € N, there exist M,, <n <
N,, such that [0,1] = UX",, I,. Here are the first few intervals of such a sequence:

[0,1],
0.5} [5:g): [51]

050 [530) [55 2]

Therefore, for any x € [0, 1], we can find two sub-sequences (I,,,)i—1 and (I,,);=1 such that

7

v €Iy, foralli € Nand z ¢ I, for all j € N. Hence, the sequence (f,),=1 of functions on
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[0, 1] defined by f,, := x;, does not converge pointwise anywhere in [0, 1]. But

1
n

[ 1l =mi1) <
[0,1]

Problem 4. Let f be an integrable function on a bounded measurable set E. Find

lim, o+ [ | fIP.

Answer. We prove

lim /E P = m(E\E").

p—0t

Here E* := f~1({0,00}).

Let By :={x € E:0 < |f(z)] <1} and Ey := {x € E : 0o > |f| > 1}. Then for all
0<p<l,|fxelP <1,and lim, ;o |fxg,(x)[P = 1. Because f € L'(E), m(f~({cc0})) = 0.
Thus, by the Lebesgue Dominated Convergence Theorem,

tim [ 7= lim [+ [ = m(E) + m(Ey) = m(E\EY)

p—07+

Q: What if £ is an unbounded measurable set with finite measure?
An idea: E =2, E,, where E,, := EN[n,n+ 1].

Problem 5. Let £ C [0, 1] be a Borel set such that 0 < m(ENI) < m(I) for any subinterval
of [0,1]. Show that f(z) = m([0,z] N E) —m([0,z]\E) is absolutely continuous on [0, 1] but

it is not monotone on any subinterval of [0, 1].

Proof. Because f(x) = [y (xg— X&), an indefinite integral, f € AC|[0, 1] by the fundamental
theorem of Lebesgue integral calculus.

For the second part:

e Proof 1: The hypothesis “0 < m(ENI) < m(I) for any subinterval of [0,1]” states that
E is dense in [0, 1] and does not contain any intervals (hence it is totally disconnected). This,
together with the fact “ f'(x) = xg — xge for almost every z € [0,1]”, imply that for any sub-
interval J C [0, 1], there exist points a,b € J such that f'(a) =1 > 0 and f'(b) = —1 < 0.
Thus f cannot be monotone on J.
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e Proof 2. Notice that, because any Borel set is Lebesgue measurable,

f(z) =2m([0,2] N E) — z.

Case 1: Suppose there is an interval J on which f is monotonically decreasing. Then for any
x1,x9 € J, 21 < 29 we have f(z1)— f(x2) > 0. Which implies (xo — x1)/m([z1, x2] N E) > 2.
For any given € > 0, choose {Ij}r=1, Ix C J so that | |,_; Ix D ENJ and >,y m(ly) <
m(ENJ)+e Then

m(ENJ)+e> > m(l;) = m(I,:nm(];)m J)m(lkmEmJ) >2Y m(I,NENJ) =2m(ENJ).

k=1 k=1

Because € > 0 is arbitrary, this implies m(E N J) = 0. Contradiction.

Case 2: Suppose there is an interval J on which f is strictly increasing. Then for any 1,z €
J, x1 < xy we have f(z2) — f(z1) > 0. Which implies m([z1, 23] N E) > (x2 — x1)/2. Then
by Problem 1 (replacing (—oo, 00) with J), m(J\E) = 0. Which implies m(J N E) = m(J).
Contradiction.

Because J is an arbitrary interval, f is not monotone on any sub-interval of [0, 1].

e Proof 3. If you are allowed, use the Lebesgue Density Theorem. O

Q: Can E be a Lebesgue measurable but non-Borel set (with positive measure, of course)?

Q: Does there exist a Lebesgue measurable but non-Borel set £ C [0, 1] such that for any
interval I C [0,1], £ N[ is non-Borel?

An idea: Any Lebesgue measurable set is a Borel set minus a set of measure zero.
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Problem 1. Let A be a set such that AN K # () for any compact subset K of real line of
positive measure. Show that A has infinite outer Lebesgue measure.

Proof. It m(A) < oo, then m(A€) > 0. Hence by the inner regularity of the Lebesgue measure
there is a compact set K C A° say, with m(K) > 0. This contradicts the hypothesis as
ANK =9. O

Problem 2. Show that if f is continuous almost everywhere on [0, 1], then it is measurable.

Proof. Let E C [0,1] be the set of all points at where f is continuous. Then m(E°) = 0,
and therefore £ and fFE (. the inverse image of any open set under fF is the intersection
between an open set and E) are measurable. Because f~!((a,00)) & f|z'((a,00)) for any
a € R, f is measurable. O]

Problem 3. For a non-negative measurable function f on a measurable set E define
my(t) = m({f > t}),t >0,

where m is the Lebesgue measure. Show that [ ¢ = [;°m, for any non-negative simple

function .

Proof. Let ¢ = Z?Zl ckXE; With ¢; <--- < ¢,. Then

n n—1 n
ma(t) = Xoen(®) - S mENE) + Y [Xieparon(®) - > m(ENE)].
j=1 k=1 j=k+1

Thus

n

0 n—1
/ me, —clszﬂE —|—Z[ck+1—ck) Z m(EﬂEj)}
0 j=1 j=k+1
=Y ¢; m(ENE) /(,0
j=1
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]

Problem 4. In the setting of the previous problem and assuming its statement is true, show

that [, f = [;° my for any non-negative measurable function f.

Proof. By the simple approximation theorem, we can find an increasing sequence (@, ),=1 of
positive simple functions such that ¢,  f on E. By the monotone convergence theorem
Jzn / [g [, and by the previous problem [ ¢, = [°m,, for all n € N. Thus if we can

show lim,, o [~ My, = [~ my, then we are done.

Notice that for any t > 0, z € {x € R: f(x) >t} if and only if z € {x € R : @, (z) > t} for
all but finitely many n € N. Thus

{xE]R:f(x)>t}:G ﬁ{xeR:gon(x)>t}.

k=1n=k
Then
ms(t) :=m{{x e R: f(x) > t})
:m<U N{z e R: pn(x) >t}>
k=1n=k
= ’}g&m<nok{x eR:,(z) > t}), " continuity of Lebesgue measure
- kh_)m m{z € R: pp(x) > t}), ﬁ {z eR:p,(x) >t} ={r e R:pr(z) >t}
o n=~k
=l m({r € R ufa) > 1)) = lim s, (1)

Because ¢t > 0 is arbitrary and (m., ),—1 is an increasing sequence of measurable functions,

by the monotone convergence theorem we get
. oo o
fi [, = [
This completes the proof. O

Problem 5. Let f be integrable function of the real line. Show that f = 0 almost everywhere
if [; f = 0 for any interval I of length 1.

Proof. For the sake of contradiction let’s assume that there is € > 0 and a measurable set
Ef inside of an interval of length 1 such that m(E{") > 0 and f|E]" > € (choose E; to be
maximal, up to measure zero set, within a unit interval). Then the hypothesis implies that
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there is another set Ey , within an interval of length 1 to E;, such that m(E;") = m(E; ) and
fET < —e. By continuing in this way we can find a sequence (E;"),—; of disjoint measurable
sets with same (positive) measure such that f|E > € for all n € N. This violates the
integrebility of f as

/|f|>/|_|0o E+fZZ€-m(E:):e-oo:oo.
n=1"_" n=1
]

Problem 6. Let f € L?[0,1], p € (1,00), and F be an indefinite integral of f. Show that

for each z € (0,1)
F(zx+ h) — F(z)

hll{g)lJr ht/a =0

where ¢ is the conjugate exponent of p.

Proof. We have F(x) = F(0) + [y f for all z € [0, 1]. Therefore, for any x € [0, 1],

(F@+h) = F@)_ [
hllgl+ hi/a = hlg% ht/a
r f[o,l} 1l X[za:,z-&-h}
= lim
h—0+ ht/a
Holder
< hligle ||fX[x,x+h}||p (*)

Let h = 1/n, n € N. For fixed z € [0,1], define the sequence (f,,)n=1 of L'[0,1] functions
by
fx,n(t) = |.f(t)|p ' X[x,a:Jrl/n} (t)

Thus, f.n < |f|P for all n € N and f,,(t) — 0 for all t € [0,1]\{z} as n — oo. Since
the singletons have zero measure and f? € L'[0,1], the Lebesgue Dominated Convergence
Theorem tells [y f,,, — 0 for all z € [0,1]. This, together with the squeeze theorem, gives

us
. . . 1 1/p
i (1ol = 1 1l = tm ([ fan) =00 (s)
By (*) and () we have the claim. O
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Problem 1. Let f — [0,00) be a measurable function and define its distribution function
ds : [0.00) = [0, 00| defined by d;(t) = |{z € R: f(z) > t}].

i. Prove or disprove the statement that the function d; is left continuous, that is to say

lim ds(t) = d¢(to), for each ¢ty > 0.
t Mo

ii. Prove or disprove the statement that the function dy is right continuous, that is to say

lim d(t) = d¢(to), for each ¢y < 0.
t\(to

Proof. i. Let to =1 and f(x) = xjo,1)(). Then dy(tg) = 0 # 1 = lim; ~, d;(t). So, dy,
is not left continuous.

0,1)

ii. Let tp > 0. We prove limy 4, d(t) = ds(to). For t > ¢, notice that

m(f ™ (to, 00)) = m(f " (to, 1]) + m(f 7 (t,00)) (%)

Because f~!(to, t1] C [~ (to, t2] for any t1 < ta, limpyy, m(f " (to, t]) exists (continuity
of Lebesgue measure). If it is 0, then we are done. If not, then there are M > 0 and
N > to such that limpy 4 m(f = (to,t]) > M for all t € (to, N). Let ¢ € (to, V). Because
to & (to, t], there is a countable union of disjoint (can be de-generated) intervals (1),
in (to,t] such that m(f~*(Iz)) > M for each k (let the enumeration begin from the
right). This says m(f~'(to,t]) = co. Because ¢ is arbitrary, limpy 4 m(f (¢, 00)) >
limy, o0 Yop—y m(Ig) > lim,,_oo nM = co. Here | |;_; I C (t,N). So, limyy, df(t) = oo.
Then from (%), df(ty) = limpyy, df(t) = oco.

[
Problem 2. Let f: R — R be a Lipschitz function. Show the following.
i. if F C Ris an F, set then f(F) C R is an F}, set.
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i.

if 7 C R is a measurable set then f(F) C R is a measurable set.

Proof. i . Because R = U,¢z[n,n+1], F C Ris an F, set if and only if it is a countable

ii

union of compact sets. Since the continuous image of a compact set is compact and
f(AUB) = f(A) U f(B) for any sets (let’s say measurable) A, B C R, we have that
f(F)is an F, set if F' is an F), set.

. Suppose F' C R is a measurable set. Then F' = E'LI (F\E) where E is an F,, set and
m(F\E) = 0. Hence f(F) = f(E)Uf(F\E). So, if we can show m(f(F\E)) = 0, then
by part (i) we have that F' is measurable. In-particular, if we can show m(f(A)) <
m(A) for any measurable set A, then we are done. Because the semi-ring of bounded
intervals generates the collection of all Lebesgue measurable sets (and with the fact
that singletons have measure zero), it is enough to show m(f([a,b])) < M (b — a) for
any closed interval [a,b]. Here M > 0 is the Lipschitz constant of f. In-fact

m(f([a,b])) < max f(z) — min f(x) = f(a) = f(5) < M(a—p) < M(b—a).

x€[a,b] z€|a,b]

Here o, § € [a, b] are such that f(o) = max,eap) f(2) and f(3) = mingepey f(2).

Problem 3. Let ¢ : R — R be a function. Show that the following are equivalent:

()
(**)

for each measurable set F C R, the set ¢~!(E) is measurable and |¢p~'(E)| = |E|;

for each measurable function f : R — R, the function fo¢ : R — R is measurable and

[ foo=]r

Proof. (+ = xx) Since ¢ is measurable by the hypothesis, f o ¢ is measurable. Because

f : R — R is measurable, there is a sequence (¢,)%; of simple functions that converges
pointwise to f on R with |¢,| < |f] for all n € N (if f > 0, choose (¢,)5°; to be increas-

ing).

Therefore, if we can show the claim for any simple function, then we are done, as: If

f € LY(R), then use LDCT. If f ¢ L'(R), then at-least one of [ f_ or [z fi equals co. Then
use the monotone convergence theorem to this f_ or f,.

Let f(z) = Y32, arxg, (v) be a simple function. Then

foro0= Y mmio(B) = Y aim(E) = [

k=1
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(% <= xx) Letting f be the identity, we get ¢ : R — R is measurable. And for any measurable
set F, letting f = yg, we get

mo™ () = [ oo™ [ f=m(E).

Problem 4. Let £ C R be a measurable set with 0 < |E| < co. Let f € L>°(E).

i. Show that f € LP(FE) for each p € [1, 00)

ii. Show that ||f||, = ||f]|ec as p — 0.

Proof. 1. Let p € [1,00). Then ||f]|, < ||f|le - m(E)Y? < 0o. Thus f € LP(E).

ii. Because ||f||, < ||f||q for any p < ¢, the limit L := lim, . || f||, exists in [0, co]. But

1/p 1
since f € L*(E), L € [0,00). Notice that ||f||, = (fE |f\7’) < m(E)?||f]|oco. Then
by taking the limit as p — oo we get L < ||f||oo. To show the reverse inequality: for
n € N, define

Boi={r e B lflle(1- ) < 1@ < 1 fll

Then m(E,) > 0. (This is true as m(E) > 0 and || - || is the essential sup norm.

If it is just the sup morm, then the claim is false. For a counter example consider
f:0,1] — [0,1] defined by f(z) =1if x =1/2, and f(x) = 0 else). Then

W= e = [ 1 [ up =l (1= ) m(E)

Hence L = lim, o || f]], = limy_o || f]loc - (1 - %) (E)F = [|f]| - (1 - %). Since
this is true for any n € N, we get L > || f]|«0, and therefore the claim.

]

Problem 5. Let f € L'(R). For each A > 0, put fy(z) = Af(Ax). Show that fy € L'(R),
and that fy, — f in L'(R) as A — 1.

Proof. For n € N, we have flfnm] |3l = Ji—snpny [fI < {1 fll1 < oo. This is true for any n € N,

f\ € LI(R). Define gy := Lfa +|f|2*|fxff|

can find a measurable set E. such that

. Then g, > 0. By Lusin’s theorem, for any € > 0, we

@) f - xrzlh < €/2,

(i1). [|fx - xm\£.|[1 < € for all close enough A to 1, and

o4



JANUARY 2022

(73i). limy_,1 gx = | f| pointwise on FE..

Thus, by Fatou’s lemma,

|| fE.

1 <||fE.

1.,
1—§hmsupH(f>\—f)E€ 1.
A—1

Hence limy 1 ||(fx — f)£.||1 = 0. This together with (ii) gives us

llgiﬂfx - flh <e

Because this is true for any € > 0, we have the claim. O]
Problem 6. Assume f, — f and g, — ¢ in L?*(R). Show that f,g, — fg in L'(R).

Proof. We have that

g — Falls = 1Fa = Dgn+ (n— D fl S 1 = Danlle + (g — 9)F11

Holder
< |lfa = Fll2 - lgnllz + lgn = gll2 - [ f]]2-

Because g, — g in L*(R), g — ¢ in L'(R). Thus, by letting n — oo in the above inequality,
we get the claim as f,g € L*(R) . O
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Problem 1. Let n € N and py,pa, -+ ,pn € (1,00) be such that pil—i-p%vL---—f—pin =1.If
fi € L' (R), fo € LP2(R), -+, f, € LP*(R), then show that fifo--- f,, € LY(R).

Proof. We prove by induction on n. The base case (when n = 2) follows from Holder’s
inequality. Let £ € N>y and suppose that the claim is true for all n = 2,--- | k. That is; if
Ll L —Tland fy € IM(R), f, € LP*(R),- -+, fi € LP*(R), then fi f5--- fy € L'(R).

Need to show ifp%—l—p%—k---—kiqL L = 1and f; € LP(R), fo € LP2(R),--- , f €

Pk Pk+1

LP(R), frs1 € LP(R), then fifo--- fufess € L'(R). Let ¢ = P4 Then L4 L y...q

Pk +Pr+1 pL - P2
% = 1. This implies ¢ > 1. Thus, if we can show fy fr11 € LY(R), then we are done by the

induction hypothesis as it implies fifo - (fufrs1) € L*(R). Notice that
fr € I*(R) = f* € L(R) = ff € LT (R).

Similarly
Pr+1

i (R).

fir1 € LPH(R) = f* € L'(R) = fl €L

Pk+1 -

Jeferr € LY(R). O

Since - + —¢— =1, by Holder’s inequality, || fifi|h < ||f,?||%k + ||f]g+1||17k% < oo. Hence

Problem 2. Let A and B be Lebesgue measurable subsets of R, with A C B. Show that
m(A) = m(B) if and only if every subset C satisfying A C C' C B is Lebesgue measurable.

Proof. (=) Suppose m(A) = m(B). Then for any C' C R with A C C' C B, there is a set
E C R, say, of Lebesgue measure zero, such that C' = AU E. Hence C' is measurable.

(<) For the contra-positive, assume m(A) < m(B). Then by Vitali’s theorem, there is a
non-measurable set F' C B\ A. Then C' := AU F is non-measurable with ACc C Cc B. O

Problem 3.

(a). Prove that for every e > 0 there is an open subset of [0, 1], whose closure is [0, 1], and

whose Lebesgue measure is less than e.
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(b). Prove that for every a € (0,1] there is an open subset of [0, 1], whose closure is [0, 1],
and whose Lebesgue measure is equal to a.

Proof. (a). If € > 1, then take (0, 1) to be the open set. If € € (0, 1], then take the set below

in part (b) when, for example, a = £.

(b). Let a € (0,1]. Consider the standard middle third Cantor set (let’s denote it by C’%).
Instead of removing middle thirds (the ratio of "length of a removed interval in stage
n+ 1" to "the length of the interval where it belonged as the middle third interval in
stage n" is 1 : 3), let’s remove the middle (££2¢)”. That is; the ratio of "length of a
removed interval in stage n + 1" to "the length of the interval where it belonged as the
middle (F2¢)™ interval in stage n"is 1 : 222 Let U, be the disjoint union of those
removed open intervals in this process. Hence U, is open and clearly U, = [0,1] as
[0, 1]\U, does not contain any open interval. And

Z (1 —l—2a)n+1 -

Problem 4. Let f,g:[0,1] — R. Prove that

V(f9) <TV(f) sup [g(x)[+TV(g) sup |f(z)],

z€[0,1] z€[0,1]

where T'V is the total variation. Give examples where the inequality is strict, and where the
equality holds although none of the functions f, g is constant.

Proof. Let P={0=ag < a; <--- < ap—1 < a, = 1} be a partition of [0, 1]. Then

V(fg, P Z (ar)glar) — flar-1)g(ar—1)|
<D [flar) = flar-1)llglar)| +19(ar) — glar-1)[| f(ar-1)]
k=1
< sup [g(z |Z|f (ar) — flak-1)| + sup |f(z |Z!9 ar) — g(ag-1)|
x€[0,1] z€[0,1]
=V (f,P) sup Ig(w)\ +V(g,P) sup |f(z)].
z€[0,1] z€[0,1]
Then by taking the suprimum over all the partitions of [0, 1], we get the claim. ]

57



AUGUST 2021

For the strict inequality: Let f(z) :=

Then fg = 0.
Thus TV (fg) =0 and TV (f) sup,epo ) [9()| + TV (g) supsepoy | /(@) =1-14+1-1=2

For the equality: let f(z) be as above and and let g be any function with TV(g|[%’1]) = 00.
Then the both sides of the inequality becomes oc.

‘ ‘ 1 if x € [0, %]
If need a finite equality: Let f(z) be as above and g(z) := . Then

0 ifze(s,1]
1 ifr=1

fo(z) = | . Thus TV(fg) = 2 (for the partition, for example, {0 < 1 < 1})
0 else

and TV (f) sup,cpoq) [9(x)| + TV (g) sup,eoq [ f (@) =1-14+1-1=2.

Problem 5. Let (f,)>2; be a sequence of functions in L'([0, 1]), satisfying

1
nl < —
/[0,1] [l < n?

for every n € N. Show that f,, converges to 0 pointwise a.e.

Proof. Let € > 0 be given. Then by Chebyshev’s inequality,

1 €
€ 071 : n Z S */ n S e
e DU h@IZ <t [ Ihl< S
Thus >0, m({z € [0,1] : |fu(z)] > €}) < X0, .5 < oo. Therefore, by the Borel-
Cantelli lemma, for almost all z € [0,1], there is N € N such that for each n > N,
x ¢ {xe(0,1]:|f.(z)] > €} In other words: for almost all = € [0, 1] there is N € N such
that for each n > N, |f.(z)| < e. Hence the claim. O

Problem 6. Let f : [0,1] — R be a continuous function. Evaluate

1

. n—1
dim e f(x)dx.

Answer. For a fixed a € R and k € N, we get lim,,_, oofol ne" tax®dr = a. Thus, by
the linearity of the Lebesgue integral, lim,,_, fol nz" ' P(z)dx = P(1) for any polynomial
P(z) on [0,1]. Let f be a continuous function on [0, 1]. By the Weierstrass approximation
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theorem, there is a sequence (P,,(x))>°_; of polynomials on [0, 1] such that P,, = f. Because

one of the limits is uniform, we can interchange the two limits. Thus,

f(1)= lim P,(1)= lim ( lim 1m:"_1Pm(x)dx>

m—r o0 m—r o0 TL*)OOO

1
= lim ( lim nx"‘le(x)dx>

n— 0o \ m— o Jg
1

= lim lim nz" ' P, (v)dx
n— oo 0 m—> 00

1

. : n—1
= lim | nz f(z)dz.

1
Note: We cannot start with Lm / na™ ' f(x)dx as we still don’t know if the limit exists.
n o0 0
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1. Give an example of a measurable set £ C R of finite measure such that m(EN(E+r)) >
0 for every r € R (where E+r={z+7r:x € E}).

Example 1.

> 1 ° 1
| |[-n— =, —nJu[-L1]u | |[n,n+ =]
n=1 2n n=1 2n

Example 2. Let (¢,)nen be an enumeration of Q. Then

Ej[%l_';L#Qn%_;L}
el 2n 2n

2. Let f, : [0,1] — [0,00) (n = 1,2,3,---) be measurable functions. Prove that there
exist numbers a,, > 0 (n =1,2,3,---) such that the series >.°°; a, f,,(z) converges for

almost every x € [0, 1].

Proof. Because f, is finite, limy__., f,'((k,00)) = 0 for each n € N. Therefore, for each
n € N, there is §(n) > 1, say, such that m(E,) < 1/n% Here E, := f,*((6(n),00)). Let
ap, = W. Then the series 300 a, f,(z) diverges if and only if z belongs to infinitely
many E.s. That is © € N;2; E,,. The Borel-Cantelli lemma says the set consisting of such

points has measure zero as >.°° , m(E,) < 3°°, 1/n* < . O

3. Let f € L'(R). Prove that for every measurable set £ C R of finite measure we have

t—>00

lim /Ef(x—l—t) dx = 0.

Proof. Let € > 0 be given. Because f € L'(R) there is § > 0 such that for any F' C R with
m(F) <6 we get [n|f| < 5. Because m(L) < oo, we can find an interval [—a, a], say, such
that [p—
under translation, for all ¢t > 2a

aa [f] < 5 and m(E\[—a,a]) < min{d, 5}. Because Lebesgue measure is invariant

fe+ol+5= [

€ € €
T)+-< -+ =€
(EN[—a,a])+t @)l 2

[t < [1f@+o) < .

EN[—a,a]

60



WINTER 2021

]

4. Assume that for a function f : R — R and a constant C' € R, the total variation of
f on every compact interval is smaller than or equal to C. Prove that

L 1f@+h) = f@) dz < Cln)

Proof. Let h € R be given. Define g : R — [0, 00) by g(z) := |f(z + h) — f(x)|. For i € N,
let a; := sup{i|h|, (i + 1)|h[}. Then [{; " g(z) dx < |h| - g(a;). Thus, for any n € N,

n—1
/[n|h|,n|h|] z) de = Z /h (i41) |h| ) dz < || Z g(ai) = |h| > |f(a;i+h) = f(a:)|

=—n it=—n it=—n

< [WV(f,P) < [h|C.

Here P is a partition of [—n|h|,n|h|] that includes the points {a;,a; + h}7 Because this

=—n"

is true for any n € N, we obtain the claim by the continuity of the Lebesgue integral. O]

5. Let f € L>([0,1]). Prove that
Tim (11l = 1]

Proof. Because || f||, < ||f||q for any p < ¢, the limit L := lim, . || f]|, exists in [0, co]. But

. . 1/p 1/p
since f € L=([0,1]), L € [0,00). Notice that |[fll, = (fo 1/17) * < (I1/11%) " = I1/1]ec
So, L < ||f]|eo- To show the reverse inequality: for n € N, define

By = € [0,1): [l = 2) < 17| < 11l

Then m(E,) > 0. Thus

W= [ =L [z (1= 5) mE)

Hence L = lim, . || f]], > ||f||oo<1—%) Since this is true for any n € N, we get L > || f]]o
and therefore the claim. O

6. Give an example of a function f : [0,1] — R such that f € LP(]0,1]) for every
p € [L,00), but f & L>([0,1]).
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Consider the function f : [0,1] — R defined by

@) = >t TLX(2#172%} (x) if x € (0,1]
0 ifz=0.

Clearly, it is unbounded, and for any p > 1,
I f ||§ = Z ontl <00

=1

by, for example, the root test. Hence f € LP([0,1]).
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Pavel Bleher

Problem 1. Let E be the set of all real numbers = on the interval [0, 1] such that in the
decimal form of x = 0.i142i3--- the number 5 appears infinitely many times. Prove that
mE = 1.

Proof. Let F := {x € [0, 1] : the decimal expansion of = has no 5}. Then

1 1 1
Fe.=10,1|\F = L —
[0, 1]\ 10(5 6) 102 |_| (i5,6) T Z|J_|0 i75,i56) U
17’55 1,j#5

(Here we write 5 as 4.9 to make F' compact)

Thus m(F°) = §>2,(55)" = 1. This says m(F) = 0. For n € NU {0}, define

F, := {2 €[0,1] : the decimal expansion of  has no 5 after the n'" place}.

Then F,, C lo—n 19071(i + F). Because the Lebesgue measure is invariant under translation,
we then get m(F,) = 0 and therefore m(U;>, F,,) = 0. Since E = [0, 1]\(U;2; F},), we have
the claim. ]

Problem 2. Prove that if functions f;, fo are absolutely continuous on [0, 1], then the
function f(z) = max{e”*® |fy(x)|} is absolutely continuous on [0, 1] as well.

Proof. Notice that e* is Lipschitz on [0, 1] (with a Lipschitz constant, for example, e. To see:
the line y = x + e lies above the curve y = e” over [0, 1]. Or, the line y = ex lies above the
curve y = e*—1 over [0, 1].). Hence e/1®) € AC[0, 1]. By the reverse triangle inequality, | f2| €
AC[0,1]. This, together with the fact |f(a) — f(b)| < [e1®) — e1@| || f2(b)| — |f2(a)|| for
any a,b € [0,1], gives us f € AC|0, 1]. O

63



SUMMER 2020

Problem 3. Prove that for any integrable function f on the interval [a, ],

b
lim ’ f(z)sin(sin(nz)) dz = 0.
Proof. Because the collection of all step functions on [a, b] with rational values is dense (under
|| - || norm) in L'([a,b]), and due to the linearity of the Lebesgue integral, it is enough to
show

q
lim sin(sin(nx)) doz = 0 for any interval [p, q] C [a, b].

n——oQ P

By changing the variable, we get

q 1, rra 2
lim ]/ sin(sin(nz)) dz| = lim —|/ sin(sin(z)) dz| < lim — =0.
Note: Over any interval, the area under the curve y = sinz is between —2 and 2. O

Problem 4. Prove that for any 1 < p < oo there is a constant C},, > 0 such that for any
integrable function f on [0, 1],

[+ | FDI < Cp(1+[[£]])-

Proof. For a fixed p > 1, define the function ¢, : [1,00) — o0 by ¢,(z) := (p + Inz)P.
Since ¢)(z) = =& (p+Inz)? (1 +1Inz) < 0 on [1,00), ¢, is concave. Let f € L'([0,1]).
Since 1+ |f| > 1, by Jensen’s inequality for concave functions, we get

[ a0+ <alf 1+17)

Because
Im+ 1D < [ @+m@+ 1)y = [ epo (1)
and
eo [ 1171) = (pm(f 1417D)" = (p+ O+ 7))
= (mer@+1£1)"
< [+ 11,
we get the claim by letting C), = e”. O
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Problem 5. Let f € L?[0,1] and m = [jo, f. Prove that

m? + (/01 |f(x) — m\dx)Q < /01 2(z)dz.

Proof. Because f € L?0,1], f € L'[0,1]. Hence |m| < co and

1 2 1 1 L
w4 ([ U@ —mlde) <mt 4 [(F—mp=m?+ [ f2—2mdem? = [ f
0 0 0 ;
The inequality is due to Jensen. 0

Problem 6. Let f € L'(R) be such that

a+b

atb b

/ ’ f:Abf,v —so<a<b< oo
a 2

Prove that then f(x) = 0 almost everywhere on (—oo, 00).

Proof. We can assume f > 0. Suppose the set F := f~1((0,00)) has a positive measure.
Then there is a > 0 such that M := [ f > 0. Then, by the hypothesis [** f = 2M and
therefore by induction, for any n € N, fﬁ?{“”“f = nM. Since M > 0, [z f = oco. This
contradicts the fact that f is integrable. Hence m(E) = 0. The general case follows by
considering f, and f_ separately and |f| = f. + f_. m
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Pavel Bleher

Problem 1. Let E be the set of real numbers z on the interval [0, 1] such that in the decimal
expansion form of z = 0.i149%3 - - -, there is no 5, so that i, # 5 for all k. Prove that

1. the set E is uncountable;

2. m(E) = 0, where m(FE) is the Lebesgue measure of E.

Proof. 1. The set {z € [0,1] : the decimal expansion of x consists with only 0 and 1} is
uncountable (by Cantor’s diagonal argument) and is a subset of FE.
2. Notice that

1 1 1 0
0, 1\E = 10[5 6) 102 |_| i5,i6) Ll — e |_| [i75,i76) U 1ot | | [ijk5,4jk6) U

5 P25 .
Thus m([0, 1]\E) = § >2,(55)" = 1 and therefore m(E) = 0.

]

Problem 2. Let E be the same set as in Problem 1. Calculate the fractal dimension of F,
defined as

. InN(k)
d:=1
e Ink

where N (k) is the smallest number of intervals of length % covering F. Prove rigorously the

existence of the limit.

Answer. Since

1 1 1 I
0, 1\E = 10[5 6) 02 |_| [i5,1i6) 103 |_| [i55,i56) L 10t | | [ijk5,4k6) U

1,j=0 1,j,k=0
17é5 1,§#5 1,5,k#5
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for each n € N, F can be covered by 9" number of intervals of length 1/10". For k € NU{0},
let nx € N be such that 10™ < k < 10!, Then 9™ = N(10™) < N(k) < N(10™+1) =
91 Hence

ngIn9 <lnN(k)<(nk—|—1)ln9
(ng+1)In10 = Ink = nglnl0
and therefore by the squeeze theorem, d = 1?7190‘

Problem 3. Let us enumerate all rational numbers on [0, 1], so that QN[0, 1] = {ry, 72,73, - }.

Prove that for any o > —1, the series

fla) = Bt

k=1

is convergent for almost all x on [0, 1].

Proof. For n € N, define f, : [0,1] — [0,00) by fn(z) :==> 1, 2= Then

)
= |x_rk|a - |I—Tk|a
/[0’1} () 0,1 kZ::l k? ’ ;; o k2
- (re — )° (x —rg)”
= e A R
kzzzl /[O:Tk] k'2 [rK,1] k2
3 L ey
k=1 k2 o+ 1 o+ 1
1 + 2a+1 e%e] 1
<——— ) S =M< (7)
a+1 =k

Since M does not depend on 7, it is a uniform bound of the sequence (Jjy; fn)5L;. Because
(fn)o2, is an increasing sequence, the pointwise limit f(z) = lim, o fn(z) exists in R.
Then by the Monotone Convergence Theorem and (0.1), it exists almost everywhere in R.
In other words, the given series converges for almost every x € [0, 1]. O]

Problem 4. Let f(z) be the function defined in Problem 3. Prove that for any o > 0, f(z)
is absolutely continuous on [0, 1].

Proof. Let f, be as in Problem 3. Notice that each f, is differentiable almost everywhere
on [0, 1] (in fact, it is differentiable at all but finitely many points: ry,--- ,r,) and f)(z) =

a—1

Sy (5(7"@%. Here 6(ry) = 1 if # > 7, and d(ry) = —1 if z < 7. Notice that

Ifh(x)] < adi, 2= Because v > 0, @ — 1 > —1. So, by replacing o with o — 1 in

k2
a—1

Problem 3 we see that the series g(x) := >3, (5(7})%(: lim,, o f/(x)) converges
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absolutely for almost every x € [0, 1]. Hence

fla) = Jim fu(@) =l (£.0)+ [0 )
zhm fa(0 +11m/f

n—>ao0

0) + / lim f(t) dt, by general LDCT
0 n—-aoo

o)+/(fg(t) dt

By comparison test, lim, o f,(0) = f(0).

This says f is an indefinite integral over [0, 1]. Hence f € AC([0, 1]). O

Problem 5. Prove that for any integrable function f on (—oo, 00),

lim Rcos(nxQ) f(z) dz = 0.
Proof. By the definition of Lebesgue integral of a non-negative function (we can assume f >
0. The general case follows by considering the positive and negative parts of f separately), if
we can show the claim for any non-negative bounded function of finite support, then we are
done. But any such a function can be approximated by (in this case by ||-||1) step functions.
Therefore by the linearity of the Lebesgue integral, if we can show the claim for the case
f(z) =1 then we are done. In fact

lim )/Rcos(m:Q) da:‘ = lim ‘/ cos(x

-

n=——o0 n=—c0
= nli_I)Iloo\/_)/COS d:z:‘
< lim 7 = 0.

This implies lim,, ., [z cos(nz?) dz = 0, and therefore the claim. [

Problem 6. Let f(x) be an integrable function on (—o0, 00) and

1
n

folw)=n [T f0) dt, n =123,

T

Prove that
Jim [ 1fa(@) = f()lde = 0.
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Proof. « Proof 1 Let n € N. Notice that
[ £ dxzk:im/j e+ ) dx:/i( ) |fn(x+k)|) "

< [0S [T e
=/0“n/R|f|dx=/R|f|dx.

Thus
[ fulls <[ f]]1, for all n € N. (8)

Let s(x) := Y% a;xz, (z) be a step function. Then

ol
—n/+ Z%X{ dt—nZaZ IJ?—I—i])

Let x be a point in the interior of UY_;I;. WLOG assume z € int(l;) = (p;,q;) for some
j € {l,---,k} and pj,¢; € R. Then there is N € N (for example, take N such that
~ < min{z — p;, ¢; — «}) such that for each n > N, [z, x + =] € I;. Hence for each n > N,
sn(7) = a; = s(z). If z ¢ UL, I, then clearly s(z) = s, () = 0 for any n € N. And the set
of end-points of the intervals I;’s is finite. This says s, =% s. That is (8, — ) 2% 0. Then

by the Lebesgue Dominated Convergence Theorem, we have the claim for any step function:
i [ls, = sl = 0. )

Let f € L'(R). Let € > 0 be given. Then we can find s € step(R) such that ||f — s[|; < §
Then by (0.2) we have || f, — snll1 = [|(fa = su)||1 < |[f — s8]l < §. Thus

fn = Flln < [ fn = snll £ [lsn = slli +[Is = flls < [sn = ]| + €
Then by taking the limit as n — 0, we get lim,, . ||f, — f||1 = 0 as € > 0 is arbitrary.
e Proof 2 Define F' : R — R by F(z) := [y f(t)dt. Because f € L'(—o0,00), this is

well-defined and absolutely continuous. Thus F'(x) = f(z) for almost every z € (—o00, 00).
Notice that

1
”l> = fu(x), for n € N.

Thus lim, e fn(z) = f(x) for almost every z € R. By Minkowski’s inequality and (0.2)
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we have ||f, — fll1 < ||falli +11f1l1 < 2||f][1 < co. Therefore, by the Lebesgue Dominated
Convergence Theorem,

lim /R\fn(:z:) — f(x)|dz = 0.

n—oo
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Pavel Bleher

Problem 1. Let E C R, mE =0, and P(x) a real polynomial of degree d > 1. Let
S=P ' (E)={zeR: P(x) € E}.
Prove that mS = 0.

Proof. Let I C R be a bounded interval. Then P~*(I) consists of at-most d disjoint bounded
intervals. Notice that if [(I) goes to 0 (that is when I contracts to a point), m(P~(I)) goes
to 0 as well. Otherwise, there will be a point a such that P~'({a}) has an interval. But
that contradicts d > 1. Thus, for a given € > 0, there is d(e) > 0 such that if I(1) < d(e),
then m(P~1(I)) < € (basically because P is continuous and P’ is bounded on compact sets).
Because m(E) = 0, we can find a countable collection {; . };en of disjoint open intervals that
form an open cover of E such that [(I;) < d(5). Then S = P~Y(E) c P72, L) =

2, P7Y(I;) and therefore m(S) < 32, m(P~'(I;.)) < € (S is measurable as FE and f are

measurable). Because this is true for any € > 0, m(S) = 0. [

Problem 2. Prove that the function

|1/2

f() = i_o:l | tan(nx)

n2
is finite almost everywhere on the interval [0, 7].
Proof. 1If we can prove f € L'([0,7]), then we are done. For k € N, define

| tan(na)|'/?
2

k

n
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Then

T 1/2 k nr 1/2
/ fol) do = Z/ |tan nx) dp — Z/ | tan(x)| s
0

n=1 nS
k n 1 1
1 (i+1)w 1 =
<2 3 / (i+)r—=x P da
nzln i=0 77 2
_1
(- | tan(nax)|*/? < )g —z| " on [0,7])
k 1 n—1 k 1
n:ln 1=0 n:ln
> 1
<2V21) < =M < o0
n=1

Since this is true for any k£ € N, by the Monotone Convergence Theorem, [; f(z) < M < oo.
O

Problem 3. Prove that for any integrable function f on the line,

nh_)ng@/ f(z) [sin(nx)]" dz = 0.
Proof. ® Proof 1. By the density of step(R) in L*(R) under || - ||; and the linearity of the
Lebesgue integral, it is enough to show the claim for the case when f € step(R). So let
f(x) = X{ap(z) for any interval [a,b]. By the change of variables, we get

/ Xa,p) (@) - [sin(nz)]" dx = 1/n /nb(sin x)" dx.

na

Let a, = 1—1/In(n+1). Then o, 1 and lim,, o o> = 0. For n € N, choose E,, C [na, nb]
so that a, > sup{|sinz| : x € [na,nb]\E,} and [ |sinz|" dz < a, < 1.

(Idea: Depending on n € N, choose a finite collection of disjoint intervals around the points
[na,nb] Nsin~!({£1}) with the above given properties).

Then

1 fmb 1 1
lim — |sinz|" dr = lim (—/ |sinz|" dx + f/ | sin z|" dx)
(na,nb)\En, nJe,

n—o00 1 Jna n—oo \n

1 1
< lim (—-az-(nb—na)Jr—-l)
n

n—oo n

= Jim,an(b—a)

=0.
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e Proof 2. Instead of creating the sequence (E,),—1 of sets as above, use the fact m ( e, sin™? ({:I:l})/n) :
0 and the Lebesgue Dominated Convergence Theorem on

fo(2) == X[ap () - sin™(nx). O
Problem 4. Let f > 0 be a measurable function on £ C R and mFE < co. Let
w={r€L: f(x) >n}

Prove that f is integrable if and only if

ZmEn < 00.

n=1

Proof. Notice that >0, m(E,) = >0 n-m(E,\E,+1) and

SURICACADES 3§ NIFED MUERRICAT] (10)

n=1

Because m(FE) < oo,

f is integrable iff/ f < oo iff Z/ f < oo
£ n=1

n\En+1

Then by the comparison tests (standard and limit comparison tests) and (0.4), we get the
claim. =

Problem 5. Let f be a measurable function on [0, 1] and
A={z€l0,1]: f(z) € Z}.

Prove that the set A is measurable and

n—o0

1
lim /0 | cos(mf(x))|" de = mA.

Proof. Because A = | ,c7 f~1({n}), it is measurable as a countable union of measurable sets

is measurable.

lim 01 | cos(mf(x))|" dr = lim | cos(mf(z))|" dx + nh_g)lo/A | cos(mf(z))|" dx

=0+ lim /A L dx, .| cos(mf(x)xppalz))” = 0 and by LDCT.
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]

Problem 6. Let f,(x) = cos(nx) on [0,27]. Prove that there is no sub-sequence f,,

converging almost everywhere in [0, 27].

Proof. Let (fu,)rken be a sub-sequence of (fy,)nen. For the sake of contradiction, let’s as-
sume that it converges almost everywhere on [0, 2rr]. Then the sequence ((fn, — fu, H)Q),;";O

converges to 0 almost everywhere on [0, 27]. Therefore, by LDCT,

27 2 2
. 2 .
0= ]}1_)1210 ; (far = frn)” = ]}1_{20 A (cos(nk:c) - cos(nk+1:v)> dx = 2.
Hence, the contradiction. O
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Pavel Bleher

Problem 1. Let F' be a bounded, closed set on the line, and

F.=lzr—ex+¢, e>0.

zeF

Prove that lim. ,o mF, = mF', where m is the Lebesgue measure.

Proof. Because F' = (-1 I/, we have the claim by the continuity of Lebesgue measure
(and, if you want, the squeeze theorem). ]

Problem 2. Let E; C E; C --- be an increasing sequence of Lebesgue measurable sets on
the line, such that the set £ = ;2 £}, has a finite Lebesgue measure, mE < oco. Prove

that for any set A C R (not necessarily measurable),

lim m*(ANE,) =m"(ANE).

n—o0

Proof. Because E,, N A C EN A for all n € N, we have

limsupm* (AN E,) <m*"(ANE).

n—oo

On the other hand, because m* (AN E) < m(E\E,) + m* (AN E,), we have

m*(ANE) <liminf m*(ANE,).

n—oo

Thus
lim m*(ANE,) =m"(ANE).

n—o0
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Problem 3. Let f € L'(—00,00). Find the limit,

[e.9]

. 2 n
lim f(x)(cosx+ = a;) dx,

n—o0 J_ 2

and justify your answer.

Answer. Notice that 0 < (1—cosx)? implies cos x+sin® /2 < 1. Hence, the maximum value
the function g(z) := |cosx + sin? z/2| can obtain is 1, and ¢g~'({1}) is countable. Because
f € LY(—o00,00), f1({oo}) has measure zero. Therefore, the set E := ¢~ ({1})U f~1({o0})
also has measure zero. Define the sequence (f,),=1 of measurable functions on R by f,(x) :=
f(:z:)(cosa: + %)n Then it is integrable as | f,,| < |f|, and f, — 0 for all x € R\ E. Thus,
by the Lebesgue Dominated Convergence Theorem,

o] in2
lim f(a:)(cosx e

n—o0 —00

>n dx = 0.

Problem 4. Prove that for any integrable function f on the interval [a, 8],

b
lim cos(nz)

n—oo Jo 1+ SiIlQ(n:L’) f(l’) dr = 0.

Proof. Due to the separability of L'[a,b] by &'[a,b] (the collection of all step functions on
[a, b] with rational values) under L'[a,b] norm, and the linearity of the Lebesgue integral, if
we can show the claim when f(z) = 1 on any sub-interval [p, ¢] C [a,b], then we are done.
In fact

L /q o) g, iy [tan_l(sm(m))]q o

5 < lim — =0.
n—oo 1 —+ sin (nx) n—o0 n D n—oo n,

Problem 5. Let E C [0, 1] be a measurable set such that there exists € > 0 such that
m(E N [a,b]) > €|b — al

for all [a,b] C [0,1]. Prove that mE = 1.

Proof. We show m(E¢) = m([0,1]\E) = 0. For k > 1, choose collection {I,},—1 of open
disjoint intervals such that E¢ C | |,—; I, and >,_; m(l,) < m(E°) + ¢/k. Then

€ Zl m(l,) < Zl m(ENT,) <m(( Ul L)\E®) =Y m(I,) —m(E°) <

n=1

=l
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This implies >,_; m([,) < 1/k for any k > 1. Thus }_,,_; m(I,,) = 0. Because E° C | |,—; I,

m(E°) = 0,
Problem 6. Prove that for any function f € L?[0, 1],

(1 + [fD 20,y < |[f]]2200,1-

Proof. By Jensen’s inequality (on ¢(z) = x?),

I+ 1Dy < [ (1 +14D)"

A fact:
For any x > 0, In(14+z) <=z

By combining (11) and (12), we obtain the claim.

7

[]

(11)

(12)
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Pavel Bleher

Problem 1. Let E be the set of real numbers z on the interval [0, 1] such that in the decimal
form of x = 0.iy1973 - - - there is no string of four consecutive digits 2018. Prove that

1. the set E is uncountable
2. mE =0, where mFE is the Lebesgue measure of F.

Proof. 1. The set {z € [0,1] : the decimal expansion of = consists with only 3 and 4} is
uncountable (by Cantor’s diagonal argument), and is a subset of E.

2. Notice that

1 1 1041 10%-1

0,1\F = —12018,2019) L — 12018,72019) L 172018,252019) U
104 108 = 1012 =
i£2018 i i 2018

Thus m([0, 1\E) = t5is 22, (1%51) = 1, and therefore m(E) = 0.

Problem 2. Prove that the function

—1’1/2

)=y

is absolutely continuous on [0, 1].

lo— —1‘1/2

Proof. Because |[x—1/n| < 1 for any = € [0, 1], the series >0 ; converges absolutely

for all z € [0,1]. Thus for any a,b € [0, 1], a < b we have

—1‘1/2

—1 1/2‘ %},

|£(b) — ’Z’b . Z’a Z2n3/2_M(b—a)
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Here M =3, # Thus f is Lipschitz and therefore absolutely continuous. O]

Problem 3. Prove that for any integrable function f on the interval [a, b],

lim /abf(a:) sin*(nx)dr = 2/;]”(:1:) dz.

n—oo

Proof. We have that

3 — 4 cos(2nz) + cos(4nx)
S :

sin(nx) =

Thus, if we can show that
b

lim [ f(x)cos(knz)dz =0,

n—oo a

for any f € L'[a,b] and any constant k € R, then we are done. Because S[a,b] - the
collection of all step functions on [a,b], is dense in L'[a,b] under L'[a,b] norm, and the

Lebesgue integral is linear, if we can show that

n—o0

q
lim / cos(nx)dx = 0 for any p,q € R,p < ¢,
p

then we are done. In fact

. 9 .1
lim |/ cos(n:c)dx) = lim —
P

n—00 n—00 N,

nq 2
/ coszdzr| < lim — = 0.

np n—oo n,

Problem 4. Let f € L?(—00,00). Prove that

o0

lim f(@)f(z+n)dz =0.

n—oo —00

Proof. Because [, f(z)dxr = [z f(x 4+ n)dz for any n € N, from Holder’s inequality, we have

/R\f(ﬂ?)f(xﬂ%)\dfc <f@ll2- 1z +n)ll2 = [|f(@)][3 < o0.

Thus, f(z)f(x +n) € L'(—o0,c0) for all n € N. Therefore, if we can show

N
lim f(x)f(x +n)dr =0 for any N € N,

n—oo J_N

, then we are done.

And if we can show this claim for any simple function on [—N, N|, then we are done by
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the simple approximation theorem. Let p(x) = ¥ | a;x g () where E; C [-N, N] for all
i=1,---k. Then o(z +n) =X, aixg,_n(r). Hence,

k
/ e@)p(z+n)de = > aa;m(E;N(E; —n)).
[=N.N] i=1,j=i
Because each E; is bounded, for large enough n (say n > 2N) we have that E;N(E; —n) = ()

for all 4,5 € {1,---k}. Thus,

lim o(x)p(r +n)dr = 0.
n—o0 [7N,N]

Problem 5. Let f € L?[0, 7] and

g(z) = /()

| sinz]01
Prove that ||g]2 < 2||f]|5-

Proof. Let 6 € [0,7/2] be such that 63 = sin? . Then simple calculations show that /4 <
6 < /3. So, 3 < sin?z on [0,6) and sin?z < x* on (6, 7/2]. Hence

™ dx /2 dx
/ 6 = 2/ 5= Y= 1/ sin® 7 is symmetric around z = /2
o sin’®z o sin"°zx

<2( 0dx+/w/2d$ )
- o 09 o sin%%x

2([&”]3 + Zj@:) < 2(90-1 + 7;53‘) < 2((m/3)" + (w/4)*) < 2(2+2)

8. (13)

IN

AN

This says that sin®? 2 € L3[0, 7]. Then by (generalized) Holder’s inequality, we have

f(z)? 1/2 dx  \/6 1/6
||g||2 </[ 0,2( dZU) > ||f||3</[0,7r} sino'ﬁx) > ||f||38 < 2||f||3

0,7] sin’?(z)

O

Problem 6. Let f(x) be an integrable function on (—oo,00) and n > 1 an integer. Define

1
x—i—;

fulw)=n [ ptyat.

x

Prove that ||fall1 < |||
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Proof. e Proof 1. By Tonelli,

1
1l < [0 [ 15O Xperydtda = [ 0 [ 1@ Xjgersydadt = [ nlf@)1= = |11l
e Proof 2.
© k L& i
1fllo = [ 1@l dz= 32 ["fale+ Dlde= [ (3 [fale+2)]) do

k:%—oo N erLj;l k=—oc0
< | <,§m”/m+:z F(0)] dt) da

= " nllflly do = |1fl]
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