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Preface

This book is a collection of solutions to past qualifying examinations for Real Analysis and
Measure Theory (MATH 54400 / MATH-I 544) at Indiana University Indianapolis (formerly
IUPUI).

The solutions presented here are my own and were written independently as a way to study
and practice graduate-level real analysis. They are not official solutions and do not neces-
sarily reflect the methods or expectations of the faculty who prepared or graded the exami-
nations.

Many of the problems have multiple valid approaches, and readers are encour-
aged to develop and compare their own proofs whenever possible. In many cases,
shorter, more elegant proofs are possible.

Preparing these solutions has been an enjoyable way for me to revisit many beautiful results
in measure theory, integration, functional analysis, and related areas. I hope that this
collection will be useful to others studying these subjects.

Naturally, despite careful proofreading, errors or omissions may remain. I would appreciate
hearing about any mistakes, typographical errors, or suggestions for improvement. If you
find an error, typo, or a better solution, please contact me at dinepann at iu [dot] edu.

Last updated: August 2026

Diyath Pannipitiya
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JANUARY 2026

1. Suppose that S is the smallest σ-algebra on R containing

{[r, ∞) : r ∈ Q}.

Prove that S is the collection of Borel subsets of R.

Proof. Let B(R) be the Borel σ-algebra. Let B(S) be the smallest σ-algebra on R
containing {[r, ∞) : r ∈ Q}.

Let a ∈ R. Let (an)∞
n=1 be a decreasing sequence of rational numbers such that

a1 > a2 > · · · > a and an → a.

Because the set of rational numbers is dense in R, this is possible.

By definition, [an, ∞) ∈ B(S). Because B(S) is a σ-algebra, which is closed under
taking countable unions, and

(a, ∞) =
∞⋃

n=1
[an, ∞),

we have
(a, ∞) ∈ B(S).

Since a ∈ R is arbitrary and B(R) is the smallest σ-algebra containing all of the
intervals of the form (a, ∞), we have

B(R) ⊆ B(S).

The converse inclusion
B(S) ⊆ B(R)
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JANUARY 2026

follows immediately from the fact

[r, ∞) =
∞⋂

n=1

Å
r − 1

n
, ∞
ã

for any r ∈ Q. Thus,

B(S) = B(R).

2. Let (X, S, µ) be a measure space with µ(X) < ∞, let f : X → [0, ∞) be an S-
measurable function, and for each i ∈ Z+ let

mi = µ
({

x ∈ X : 2 i−1 < f(x) ≤ 2i
})

.

Show that ∫
f dµ < ∞

if and only if
∞∑

i=1
2imi < ∞.

Proof. For i ∈ Z+, define

Xi :=
{

x ∈ X : 2 i−1 < f(x) ≤ 2i
}

.

Then, ⋃
i∈Z+

Xi ⊆ X.

(⇒). Suppose
∫

f dµ < ∞. Then,

∞∑
i=1

2imi =
∞∑

i=1

∫
Xi

2idµ

= 2
∞∑

i=1

∫
Xi

2i−1dµ

≤ 2
∞∑

i=1

∫
Xi

f dµ

≤ 2
∫

X
f dµ

< ∞.

2



JANUARY 2026

(⇐). Suppose
∞∑

i=1
2imi < ∞. Because µ(X) < ∞, we have

µ(X0) := µ ({x ∈ X : 0 ≤ f(x) ≤ 1}) < ∞.

Thus, ∫
X

f dµ =
∫

X0
f dµ +

∫⋃
i∈Z+

Xi

f dµ

≤
∫

X0
f dµ +

∫⋃
i∈Z+

Xi

2i dµ

=
∫

X0
f dµ +

∞∑
i=1

2imi

< ∞.

Thus, ∫
X

f dµ < ∞ ⇐⇒
∞∑

i=1
2imi < ∞.

3. Compute the following limit and justify your answer:

lim
n→∞

∫ ∞

0

(
1 + x

n

)−n

sin
(x

n

)
dx.

Proof 1.

Proof. By the change of variables u = 1 + x

n
, we get

∫ ∞

0

(
1 + x

n

)−n

sin
(x

n

)
dx = n

∫ ∞

1

sin(u − 1)
un

du.

Notice that ∣∣∣∣n ∫ ∞

1

sin(u − 1)
un

du

∣∣∣∣ = n lim
m→∞

∣∣∣∣∫ m

1

sin(u − 1)
un

du

∣∣∣∣
≤ n lim

m→∞

∫ m

1

∣∣∣∣sin(u − 1)
un

∣∣∣∣ du

≤ n lim
m→∞

∫ m

1

u − 1
un

du

3



JANUARY 2026

= n lim
m→∞

ï 1
(−n + 2)un−2 − 1

(−n + 1)un−1

òm

1

= n

Å 1
n − 2 − 1

n − 1

ã
, for n ≥ 3

= n

(n − 2)(n − 1) .

Thus,

0 ≤ lim
n→∞

∣∣∣∣∫ ∞

0

(
1 + x

n

)−n

sin
(x

n

)
dx

∣∣∣∣ ≤ lim
n→∞

Å
n

(n − 2)(n − 1)

ã
= 0.

Therefore, by the Squeeze theorem,

lim
n→∞

∫ ∞

0

(
1 + x

n

)−n

sin
(x

n

)
dx = 0.

Proof 2.

Proof. Define the sequences (fn)∞
n=1 and (gn)∞

n=1 of measurable functions by

fn(x) :=
(

1 + x

n

)−n

sin
(x

n

)
and

gn(x) :=
(

1 + x

n

)−n

respectively.

Then we have
|fn(x)| ≤ gn(x), ∀x ∈ R, ∀n ∈ N.

Because
lim

n→∞

(
1 + x

n

)n

= ex for any x ∈ R,

we have

f(x) := lim
n→∞

fn(x) = e−x · 0 = 0, ∀x ∈ R

and
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g(x) := lim
n→∞

gn(x) = e−x, ∀x ∈ R.

Notice that,

lim
n→∞

∫ ∞

0
gn(x) dx = lim

n→∞

Å
lim

m→∞

∫ m

0

(
1 + x

n

)−n

dx

ã
= lim

n→∞

Ç
lim

m→∞

ñ(
1 + x

n

)−n+1

−n + 1 · n

ôm

0

å
= lim

n→∞

Å
n

−n + 1 lim
m→∞

ï(
1 + m

n

)−n+1
− 1
òã

= lim
n→∞

Å
n

−n + 1(0 − 1)
ã

, for all n ≥ 2

= lim
n→∞

Å
n

n − 1

ã
= 1,

and

∫ ∞

0
g(x) dx = lim

m→∞

∫ m

0
e−x dx

= lim
m→∞

[
−e−x

]m

0

= lim
m→∞

(−e−m + 1)

= 1.

Thus,

lim
n→∞

∫ ∞

0
gn(x) dx =

∫ ∞

0
g(x) dx. (1)

Therefore, by the general Lebesgue Dominated Convergence Theorem, we get

lim
n→∞

∫ ∞

0
fn(x) dx =

∫ ∞

0
f(x) dx =

∫ ∞

0
0 dx = 0.

So,

lim
n→∞

∫ ∞

0

(
1 + x

n

)−n

sin
(x

n

)
dx = 0.
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4. Let (X, S, µ) be a measure space and let E1, E2, . . . be a sequence of measurable sets
in X such that ∞∑

k=1
µ(Ek) < ∞.

Show that µ almost every x ∈ X lies in at most finitely many of the sets Ek.

Proof. Let
E := {x ∈ X : x ∈ Ek for infinitely many k ∈ N}.

Then,
E =

∞⋂
n=1

∞⋃
k=n

Ek.

Thus, E ∈ S. Notice that
Ç

∞⋃
k=n

Ek

å∞

n=1
is a decreasing sequence of measurable sets.

Hence,

µ(E) = lim
n→∞

µ

Ç
∞⋃

k=n

Ek

å
≤ lim

n→∞

∞∑
k=n

µ(Ek)

= 0, ∵
∞∑

k=1
µ(Ek) < ∞.

Therefore, µ almost every x ∈ X lies in at most finitely many of the sets Ek.

5. Suppose f ∈ L1(R). Prove for Lebesgue a.e. b ∈ R that

|f(b)| ≤ f ∗(b),

where f ∗ denotes the Hardy–Littlewood maximal function associated to f .

Proof. Recall.

If f ∈ L1
loc(R), its Hardy–Littlewood maximal function is defined by

f ∗(x) := sup
r>0

1
2r

∫ x+r

x−r
|f(t)| dt.

6
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Because f ∈ L1(R), we also have

|f | ∈ L1(R) ⊆ L1
loc(R).

Therefore, by the Lebesgue Differentiation Theorem, for Lebesgue almost every b ∈ R,

|f(b)| = lim
r→0+

1
2r

∫ b+r

b−r
|f(x)| dx.

On the other hand, by the definition of the Hardy–Littlewood maximal function,

f ∗(b) = sup
r>0

1
2r

∫ b+r

b−r
|f(x)| dx.

Hence, for every r > 0,
1
2r

∫ b+r

b−r
|f(x)| dx ≤ f ∗(b).

Taking the limit as r → 0+ gives

|f(b)| for a.e= lim
r→0+

1
2r

∫ b+r

b−r
|f(x)| dx ≤ f ∗(b).

Therefore,
|f(b)| ≤ f ∗(b)

for Lebesgue almost every b ∈ R.

6. Let C1([0, 1]) denote the normed space of continuously differentiable functions on [0, 1]
with

∥f∥ = max
x∈[0,1]

|f(x)|.

Prove that (
C1([0, 1]), ∥ · ∥

)
is not a Banach space.

Proof. Define the sequence (fn)∞
n=1 of functions fn : [0, 1] → R by

fn(x) :=


2x, 0 ≤ x ≤ 1

2 − 1
n

−n
(
x − 1

2
)2 + 1 − 1

n
, 1

2 − 1
n

< x < 1
2 + 1

n

−2x + 2, 1
2 + 1

n
≤ x ≤ 1.

7
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Because
lim

x→( 1
2 − 1

n)−
fn(x) = lim

x→( 1
2 − 1

n)−
(2x) = 1 − 2

n
,

and

lim
x→( 1

2 − 1
n)+

fn(x) = lim
x→( 1

2 − 1
n)+

Ç
−n

Å
x − 1

2

ã2
+ 1 − 1

n

å
= 1 − 2

n
,

we have

lim
x→( 1

2 − 1
n)

fn(x) = 1 − 2
n

.

Since
fn

Å1
2 − 1

n

ã
= 2
Å1

2 − 1
n

ã
= 1 − 2

n
,

fn is continuous at x = 1
2 − 1

n
.

Similarly, one can show that fn is continuous at x = 1
2 + 1

n
.

Using the definition of the derivative one can show that

f ′
n

Å1
2 − 1

n

ã
= 2

and
f ′

n

Å1
2 + 1

n

ã
= −2

.

On [0, 1] \
ß1

2 ± 1
n

™
, fn is a polynomial.

Thus, fn is differentiable on [0, 1]. That is,

fn ∈ C1([0, 1]).

Consider the tent map f : [0, 1] → [0, 1] defined by

f(x) :=

2x, 0 ≤ x ≤ 1
2

−2x + 2, 1
2 < x ≤ 1.

Notice that
||fn − f || = 1 −

Å
1 − 1

n

ã
= 1

n
.

8
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Thus,
fn −→ f under || · || norm.

However, f /∈ C1([0, 1]) as f is not differentiable at x = 1
2.

Therefore, C1([0, 1]) is not a Banach space under the given norm.

1
2 − 1

n
1
2

1
2 + 1

n
1

1 − 2
n

1 + 2
n

1

(0, 0)

fn

f

x

y

7. Compute
lim

n→∞

∫ n

0

sin(x)
x

dx.

Hint. Use Fubini’s Theorem and use the relation

1
x

=
∫ ∞

0
e−xt dt

for any x > 0. (You can use that relation without proof.)

Answer.

Let fn(x, t) : R+ × R+ → R be defined by

9
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fn(x, t) := sin xe−xtχ[0,n](x).

First, we show that fn(x, t) is integrable over R+ × R+ with respect to the product
measure (2-dimensional Lebesgue measure):

∫
R+×R+

|fn(x)| dtdx =
∫
R+×R+

| sin xe−xtχ[0,n](x)| dtdx∫
R+

∣∣∣∣sin x

x

∣∣∣∣χ[0,n](x) dx

=
∫ n

0

∣∣∣∣sin x

x

∣∣∣∣ dx

Because lim
x→0

sin x

x
= 1, there is h > 0 such that

∣∣∣∣sin x

x
− 1

∣∣∣∣ <
1
2 for all x ∈ (0, h). Thus,

∫ n

0

∣∣∣∣sin x

x

∣∣∣∣ dx =
∫ h

0

∣∣∣∣sin x

x

∣∣∣∣ dx +
∫ n

h

∣∣∣∣sin x

x

∣∣∣∣ dx

≤
∫ h

0

3
2 dx +

∫ n

h
1 dx, ∵ | sin x| ≤ |x|

= 3
2h + (n − h)

= n + h

2
< ∞.

Therefore, for each n ∈ N, fn(x, t) is integrable over R+ × R+. So, we can use the
Fubini’s theorem as follows.

∫
R+×R+

fn(x) dtdx =
∫
R+×R+

sin xe−xtχ[0,n](x) dtdx

=
∫ n

0

∫ ∞

0
sin xe−xt dtdx

=
∫ ∞

0

∫ n

0
sin xe−xt dxdt, by Fubini’s theorem

Using the Integration by Parts method twice we get
∫ n

0
sin xe−xt dx =

ï
−e−tx (t sin x + cos x)

1 + t2

òn

0
= 1

1 + t2

[
1 − e−nt(t sin n + cos n)

]

10
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Hence, ∫
R+×R+

fn(x) dtdx =
∫ ∞

0

∫ n

0
sin xe−xt dxdt

=
∫ ∞

0

1
1 + t2

[
1 − e−nt(t sin n + cos n)

]
dt

=
∫ ∞

0

Å 1
1 + t2 − e−nt cos n − e−ntt sin n

ã
dt

= lim
m→∞

ï
tan−1 t + cos n

n
e−nt − e−nt sin n

n
(t + 1)

òm

0

= π

2 − cos n

n
+ sin n

n
.

Thus,
lim

n→∞

∫ n

0

sin(x)
x

dx = lim
n→∞

Å
π

2 − cos n

n
+ sin n

n

ã
= π

2 .

lim
n→∞

∫ n

0

sin x

x
dx = π

2 .

11
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Throughout the exam, L denotes the Lebesgue σ-algebra on R and λ denotes the Lebesgue
measure on (R, L).

1. Suppose that a, b, c, d are real numbers with a < b and c < d and let | · | denote the
outer measure of a set. Using only the definition of outer measure, prove that

|(a, b) ∪ (c, d)| = (b − a) + (d − c)

if and only if
(a, b) ∩ (c, d) = ∅.

Proof. (⇐) Suppose
(a, b) ∩ (c, d) = ∅.

From the definition of the outer-measure, we get

|(a, b)| = b − a and |(c, d)| = d − c.

Furthermore, we have

|(a, b)∪(c, d)| := inf
®

∞∑
k=1

|Ik| : Ik’s are open intervals such that (a, b) ∪ (c, d) ⊆
∞⋃

k=1
Ik

´
.

Because (a, b) and (c, d) are also open intervals with

(a, b) ∪ (c, d) ⊆ (a, b) ∪ (c, d),

we get

|(a, b) ∪ (c, d)| ≤ |(a, b)| + |(c, d)| = (b − a) + (d − c). (2)

12



AUGUST 2025

Since (a, b) and (c, d) are disjoint, assume without loss of generality that b ≤ c, and
choose s ∈ [b, c]. Let {Ok}∞

k=1 be any open-interval cover of (a, b) ∪ (c, d). Define

Ik = Ok ∩ (−∞, s) and Jk = Ok ∩ (s, ∞),

discarding the empty sets. Then {Ik} covers (a, b), {Jk} covers (c, d), and the two
unions are disjoint. Moreover,

|Ik| + |Jk| ≤ |Ok|

for every k. Therefore,
∞∑

k=1
|Ik| +

∞∑
k=1

|Jk| ≤
∞∑

k=1
|Ok|.

Hence restricting the infimum to disjoint separated covers does not change its value.

Thus,

|(a, b) ∪ (c, d)| := inf
®

∞∑
k=1

(|Ik| + |Jk|) : Ik, Jk are open intervals,

(a, b) ⊆
∞⋃

k=1
Ik, (c, d) ⊆

∞⋃
k=1

Jk, andÇ
∞⋃

k=1
Ik

å
∩
Ç

∞⋃
k=1

Jk

å
= ∅
´

.

Hence,

|(a, b) ∪ (c, d)| := inf
®

∞∑
k=1

|Ik| +
∞∑

k=1
|Jk| : Ik, Jk are open intervals,

(a, b) ⊆
∞⋃

k=1
Ik, (c, d) ⊆

∞⋃
k=1

Jk, andÇ
∞⋃

k=1
Ik

å
∩
Ç

∞⋃
k=1

Jk

å
= ∅
´

≥ inf
®

∞∑
k=1

|Ik| : Ik are open intervals such that (a, b) ⊆
∞⋃

k=1
Ik

´
+ inf

®
∞∑

k=1
|Jk| : Jk are open intervals such that (c, d) ⊆

∞⋃
k=1

Jk

´
= |(a, b)| + |(c, d)|.

13
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Thus,

|(a, b) ∪ (c, d)| ≥ (b − a) + (d − c). (3)

Therefore by Equations (2) and (3) we get

|(a, b) ∪ (c, d)| = (b − a) + (d − c).

(⇒) Suppose
|(a, b) ∪ (c, d)| = (b − a) + (d − c).

Assume a < d. It is clear that (a, b) cannot be inside (c, d) as it would then imply

(b − a) + (d − c) = |(a, b) ∪ (c, d)| = |(c, d)| = (d − c),

which is a contradiction. Thus, if (a, b) ∩ (c, d) ̸= ∅, then we must have a < c < b < d

with (a, b) ⊂ (a, d) and (c, d) ⊂ (a, d). Then

(b − a) + (d − c) = |(a, b) ∪ (c, d)| = |(a, d)| = (d − a).

This implies
b = c,

which is a contradiction as c < b. Therefore,

(a, b) ∩ (c, d) = ∅.

This completes the proof.

2. Is there a measurable set E ⊂ [0, 1] such that for any 0 ≤ a < b ≤ 1 we have

λ(E ∩ [a, b]) = b − a

2 ?

Either prove that such a set exists (an explicit example is preferred) or prove that such
a set does not exist.

Proof. We prove such a set cannot exist. For the sake of contradiction, let’s assume
there exists a measurable set E ⊂ [0, 1] such that

λ(E ∩ [a, b]) = b − a

2

14
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for any non-degenerated (not singletons) closed interval [a, b] ⊆ [0, 1].

It is clear that λ(E) > 0. Else, we get the contradiction

0 = λ(E) = λ(E ∩ [0, 1]) = 1 − 0
2 = 1

2 .

We also have λ(E) ̸= 1. If λ(E) = 1, then we get the contradiction

1 = λ(E) = λ(E ∩ [0, 1]) = 1 − 0
2 = 1

2 .

For any ϵ > 0 exists a collection {Ik}∞
k=1 of mutually disjoint open intervals of [0, 1]

such that
E ⊂

∞⋃
k=1

Ik and λ(E) + 2ϵ >
∞∑

k=1
λ(Ik).

Using the hypothesis, then we get

λ(E) = λ

Ç
E ∩

⋃
k=1

Ik

å
= λ

Ç⋃
k=1

(E ∩ Ik)
å

=
∞∑

k=1
λ(E ∩ Ik)

=
∞∑

k=1

λ(Ik)
2

= 1
2

∞∑
k=1

λ(Ik)

<
1
2 (λ(E) + 2ϵ)

= λ(E)
2 + ϵ.

Thus,
λ(E)

2 < ϵ.

Because ϵ > 0 is arbitrary, we get

λ(E) = 0.

This is a contradiction.

Therefore, such a set does not exist.

15
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3. Prove that there is no positive measurable function f(x) on [0, 1] such that

lim
n→∞

∫
[f(x)]n dλ = 2.

Proof. Suppose, for contradiction, that such a function exists. Define the sequence
(fn)∞

n=1 of positive measurable functions by

fn(x) := [f(x)]n.

On
A := {x ∈ [0, 1] : f(x) > 1},

fn is increasing to ∞. Thus, we must have λ(A) = 0 because otherwise we get

lim
n→∞

∫
[f(x)]n dλ = ∞

by the Monotone Convergence Theorem.

On
B := {x ∈ [0, 1] : f(x) < 1},

fn is decreasing to 0. By using the Monotone Convergence Theorem (on the sequence
(f1 − fn)∞

n=1) we see that ∫
B

fn dλ → 0.

Thus, we must have

2 = lim
n→∞

∫
[0,1]

fn(x) dx

= lim
n→∞

∫
A

fn(x) dx + lim
n→∞

∫
B

fn(x) dx + lim
n→∞

∫
f−1{1}

fn(x) dλ

= 0 + 0 + lim
n→∞

∫
f−1{1}

fn(x) dλ

= lim
n→∞

∫
f−1{1}

fn(x) dλ.

We also have

lim
n→∞

∫
f−1{1}

fn(x) dλ = lim
n→∞

∫
f−1{1}

1n dλ = λ
(
f−1{1}

)
.

16
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Thus,
λ
(
f−1{1}

)
= 2.

This is a contradiction as

λ
(
f−1{1}

)
≤ λ ([0, 1]) = 1.

Therefore, such a function cannot exist.

4. Suppose that (X, S) is a measurable space and f : X → R is a function. Let

graph(f) ⊂ X × R

denote the graph of f :
graph(f) = {(x, f(x)) : x ∈ X}.

Let B denote the σ-algebra of Borel subsets of R. Prove that

graph(f) ∈ S ⊗ B

if f is an S-measurable function. (Here, S ⊗ B denotes the product σ-algebra.)

Proof. Define the (coordinate) projections

πX : X × R → X, πR : X × R → R

by
πX(x, y) = x and πR(x, y) = y

respectively.

Because
π−1

X (E) = E × R ∈ S ⊗ B for every E ∈ S,

the map πX is (S ⊗ B, S)-measurable.

Similarly, πR is (S ⊗ B, B)-measurable, since for every B ∈ B, we have

π−1
R (B) = X × B ∈ S ⊗ B.

Because f : X → R is S-measurable, the composition

f ◦ πX : X × R → R

17
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is (S ⊗ B)-measurable. Therefore, the function

F : X × R → R

defined by
F (x, y) = f(x) − y

is measurable, since
F = f ◦ πX − πR

is the difference of two measurable real-valued functions.

Notice that
graph(f) = {(x, y) ∈ X × R : y = f(x)}

= {(x, y) ∈ X × R : f(x) − y = 0}
= {(x, y) ∈ X × R : F (x, y) = 0}
= F −1({0}).

It is clear that {0} ∈ B. Because F is measurable, we get

F −1({0}) ∈ S ⊗ B.

That is:
graph(f) ∈ S ⊗ B.

5. Recall that ℓ1 consists of all sequences (a1, a2, a3, . . .) of real numbers such that

∞∑
k=1

|ak| < ∞.

(a) Show that
∥(a1, a2, a3, . . .)∥∞ = sup

k∈N
|ak|

defines a norm on ℓ1.

(b) Prove that ℓ1 with the norm ∥ · ∥∞ is not a Banach space.

Answer.

(a) Positive Definiteness
Let →

a ≡ (ak)∞
k=1 ∈ ℓ1. Because we take the supremum of the absolute values of

18
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the terms ak, we have ||→a ||∞ ≥ 0. Furthermore

||→a ||∞ = 0 ⇐⇒ sup
k∈N

|ak| = 0

⇐⇒ |ak| = 0 ∀k ∈ N
⇐⇒ ak = 0 ∀k ∈ N

⇐⇒ →
a = 0.

Homogeneity.
Let c ∈ R. Then,

||c→
a ||∞ = ||c(ak)∞

k=1||∞
= ||(cak)∞

k=1||∞
= sup

k∈N
|cak|

= sup
k∈N

|c| · |ak|

= |c| sup
k∈N

|ak|

= |c|||→a ||∞.

Sub-additivity (Triangle Inequality).
Let →

a ≡ (ak)∞
k=1,

→
b ≡ (bk)∞

k=1 ∈ ℓ1. Then,

||→a +
→
b ||∞ = ||(ak)∞

k=1 + (bk)∞
k=1||∞

= ||(ak + bk)∞
k=1||∞

= sup
k∈N

|ak + bk|

≤ sup
k∈N

(|ak| + |bk|)

≤ sup
k∈N

|ak| + sup
k∈N

|bk|

= ||→a ||∞ + ||
→
b ||∞.

Thus, || · ||∞ defines a norm on ℓ1.

(b) Proof. Define the sequence (→
an)∞

n=1 of points in ℓ1 by

→
an ≡ (nak)∞

k=1 ≡
Å

1,
1
2 ,

1
3 , · · · ,

1
n − 1 ,

1
n

, 0, 0, 0, · · ·
ã

.

19
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That is, the first n elements of →
an are

1,
1
2 ,

1
3 , · · · ,

1
n − 1 ,

1
n

and the rest of the elements are 0.
Because ∞∑

k=1
|nak| =

n∑
k=1

1
k

+ 0 =
n∑

k=1

1
k

< ∞,

we have →
an ∈ ℓ1 for all n ∈ N.

For given ϵ > 0, let N ∈ N be such that 1
N

< ϵ. Let m, n ∈ N be such that
N < m < n. Then,

||→an − →
am||∞ =

∣∣∣∣∣∣∣∣Å0, 0, 0, · · · ,
1

m + 1 ,
1

m + 2 , · · · ,
1

n − 1 ,
1
n

, 0, 0, 0, · · ·
ã∣∣∣∣∣∣∣∣

∞

= 1
m + 1

<
1
N

< ϵ.

Thus, the sequence (→
an)∞

n=1 is a Cauchy sequence.
Let

→
a ≡
Å1

k

ã∞

k=1
.

Then,

||→an − →
a ||∞ =

∣∣∣∣∣∣∣∣Å0, 0, 0, · · · ,
1

n + 1 ,
1

n + 2 ,
1

n + 3 , · · ·
ã∣∣∣∣∣∣∣∣

∞

= 1
n + 1 .

Thus, (→
an)∞

n=1 converges in || · ||∞ to →
a . However, →

a ≡
Å

1,
1
2 ,

1
3 , · · ·

ã
/∈ ℓ1 because

∞∑
k=1

1
k

= ∞.

Therefore, ℓ1 is not a Banach space under || · ||∞ norm.
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6. Recall that ℓ∞ is the Banach space that consists of all bounded sequences

(a1, a2, a3, . . .)

of real numbers equipped with the norm

∥(a1, a2, a3, . . .)∥∞ = sup
k∈N

|ak|.

Show that there exists a linear functional

φ : ℓ∞ → R

such that
|φ(a1, a2, a3, . . .)| ≤ ∥(a1, a2, a3, . . .)∥∞

for all (a1, a2, a3, . . .) ∈ ℓ∞, and

φ(a1, a2, a3, . . .) = lim
k→∞

ak

for all (a1, a2, a3, . . .) ∈ ℓ∞ such that limk→∞ ak exists.

Proof. Let
A :=

¶
(an) ∈ ℓ∞ : lim

n→∞
an exists

©
.

It is easy to verify that A is a linear subspace of ℓ∞.

Define a linear functional
L : A −→ R

by
L((an)) = lim

n→∞
an.

Since the limit of a sum is the sum of the limits and the limit of a scalar multiple is
the corresponding scalar multiple, L is linear.

Next, suppose (an) ∈ c. Then

|L((an))| =
∣∣∣ lim
n→∞

an

∣∣∣
= lim

n→∞
|an|

≤ sup
n∈N

|an|

= ∥(an)∥∞.
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Hence,
∥L∥ ≤ 1.

By the Hahn–Banach Theorem, then there exists a bounded linear functional

φ : ℓ∞ −→ R

such that
φ|A = L and ∥φ∥ = ∥L∥ ≤ 1.

Therefore, for every (an) ∈ ℓ∞, we have

|φ((an))| ≤ ∥φ∥ ∥(an)∥∞ ≤ ∥(an)∥∞.

Finally, if (an) ∈ A ⊂ ℓ∞, then

φ((an)) = L((an)) = lim
n→∞

an.

This completes the proof.
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Throughout the exam, λ denotes the Lebesgue measure on (R, L).

Problem 1. Show that the set of all real numbers that have a decimal expansion with the
digit 5 appearing infinitely often is a Borel set.

Proof. Because the collection of all Borel sets is a σ-algebra, it is closed under taking com-
plements. We will show that the set of all real numbers that have a decimal expansion with
digit 5 appearing finitely many times is a Borel set.

Furthermore, since a σ-algebra is closed under taking countable unions,

R =
⋃

n∈Z
[n, n + 1], and [n, n + 1] = n + [0, 1] for any n ∈ Z, we will show that the set of all

numbers in the interval [0, 1] that have a decimal expansion with digit 5 appearing finitely
many times is a Borel set. For k ∈ N0, define

Bk := {x ∈ [0, 1] : decimal expansion of x has exactly k number of 5’s}.

Then,

B1 = 5 + B0

10 ∪
9⋃

a1=0
a1 ̸=5

a15 + B0

102 ∪
9⋃

a1,a2=0
a1,a2 ̸=5

a1a25 + B0

103 ∪
9⋃

a1,a2,a3=0
a1,a2,a3 ̸=5

a1a2a35 + B0

104 ∪ · · ·

B2 = 5 + B1

10 ∪
9⋃

a1=0
a1 ̸=5

a15 + B1

102 ∪
9⋃

a1,a2=0
a1,a2 ̸=5

a1a25 + B1

103 ∪
9⋃

a1,a2,a3=0
a1,a2,a3 ̸=5

a1a2a35 + B1

104 ∪ · · ·

B3 = 5 + B2

10 ∪
9⋃

a1=0
a1 ̸=5

a15 + B2

102 ∪
9⋃

a1,a2=0
a1,a2 ̸=5

a1a25 + B2

103 ∪
9⋃

a1,a2,a3=0
a1,a2,a3 ̸=5

a1a2a35 + B2

104 ∪ · · ·

·
·
·
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Here by a1a2, for example, we mean the two digits a1 and a2 of the number a1a2; not the
multiplication a1 × a2.

Thus, it suffices to show that B0 is Borel. Let

I0 = [0, 1]

I1 = I0\[0.5, 0.6) =
9⋃

m=0
m̸=5

m + I0

10

I2 =
9⋃

m=0
m̸=5

m + I1

10

·
·
·

In+1 =
9⋃

m=0
m̸=5

m + In

10

·
·
·

Then, B0 =
∞⋂

n=0
In. Thus, B0 is Borel. This completes the proof.

Problem 2. Suppose (X, S, µ) is a measure space and h ∈ L1(µ). Prove for any c > 0 that

µ ({x ∈ X : |h(x)| ≥ c}) ≤ 1
c
||h||1.

Proof. Let c > 0. Then, X = A ⊔ B where

A := {x ∈ X : |h(x)| < c} and B := {x ∈ X : |h(x)| ≥ c}.

Thus,

||h||1 = ||h|A||1 + ||h|B||1 ≥ ||h|B||1 =
∫

B
|h| dµ ≥

∫
B

c dµ = c · µ(B).

Therefore, µ(B) ≤ 1
c
||h||1.
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Problem 3. Prove the existence of the limit

lim
n→∞

∫
R

1
1 + x2 · enx

1 + enx
dλ(x)

and compute it.

Proof. For n ∈ N, define fn : R → R by fn(x) := 1
1 + x2 · enx

1 + enx
. Let f : R → R be

defined by f(x) := 1
1 + x2 . Then, fn ↗ f . Furthermore, we have the improper integral∫

R

1
1 + x2 dλ(x) = π. Therefore, by the Lebesgue Dominated Convergence Theorem,

lim
n→∞

∫
R

1
1 + x2 · enx

1 + enx
dλ(x) = π.

Problem 4. A sequence of measurable functions fn : [0, 1] → [−∞, ∞] is said to converge
in measure to a measurable function f : [0, 1] → [−∞, ∞] if

for any δ > 0, lim
n→∞

λ{x ∈ [0, 1] : |(fn − f)(x)| > δ} = 0.

Suppose that for each n ∈ Z+ we have fn ∈ L1([0, 1]) and also that f ∈ L1([0, 1]). If fn → f

in measure, does it imply that

lim
n→∞

∫
[0,1]

fn dλ =
∫

[0,1]
f dλ?

Either prove it or give an explicit counterexample.

Answer. Let fn := nχ[0, 1
n ] and f ≡ 0. Notice that

{x ∈ [0, 1] : |(fn − f)(x)| > δ} =
{

x ∈ [0, 1] : nχ[0, 1
n ] > δ

}
⊆
ï
0,

1
n

ò
for large enough n.

Thus,

µ ({x ∈ [0, 1] : |(fn − f)(x)| > δ}) = 1
n

→ 0.

This implies, fn
µ−→ f ≡ 0.

But ∫
[0,1]

fn dµ = n
∫

[0,1]
χ[0, 1

n ] dµ = n · 1
n

= 1 ↛ 0 =
∫

[0,1]
f dµ.
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Problem 5. Let C([0, 1]) denote the vector space of all continuous functions f : [0, 1] → R
with the operations of addition and scalar multiplication done pointwise. Prove that C([0, 1])
with the norm defined by

∫ 1

0
|f | is not a Banach space.

Proof. Define the sequence (fn)∞
n=1 of functions by fn(x) := nxχ[0, 1

n
](x) + χ[ 1

n
,1](x). That is:

fn(x) =

nx, if 0 ≤ x ≤ 1
n
,

1, if 1
n

< x ≤ 1.

Also, define the function f : [0, 1] → [0, 1] by

f(x) =

0, if x = 0,

1, if 0 < x ≤ 1.

Then,

∫ 1

0
fn dµ =

∫ 1
n

0
nx dµ +

∫ 1

1
n

1 dµ = 1
2n

+ 1 − 1
n

→ 1 =
∫ 1

0
f dµ.

But f /∈ C([0, 1]) even though fn ∈ C([0, 1]) for all n ∈ N.

Problem 6. Let L1(R) denote the Lebesgue measurable functions f : R → R such that
||f ||1 :=

∫
|f | dλ < ∞. Ignoring that there exist non-zero functions f ∈ L1(R) with

||f ||1 = 0, let us consider
(
L1(R), || · ||1

)
as a normed linear space.

(a). Show for Lebesgue almost every x ∈ R that∫
f(x − y)e−y2

dλ(y)

is a finite number.

(b). Define a new function Af : R → [−∞, ∞] by Af(x) =
∫

f(x − y)e−y2
dλ(y). Prove

that Af ∈ L1(R).

(c). Show that A defines a bounded linear transformation A : L1(R) → L1(R) and show
that ||A|| ≤

√
π.
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Proof. (a). By change of variables we get∣∣∣∫ f(x − y)e−y2
dλ(y)

∣∣∣ =
∣∣∣∫ f(y)e−(x−y)2

dµ(y)
∣∣∣

≤
∫

|f(y) dµ(y)| , ∵ |e−(x−y)2| ≤ 1

< ∞.

Thus, the given integral is finite for almost every x ∈ R.
Note. The almost every part comes from the fact:
“f ∈ L1(R) ⇒ f(x) < ∞ for almost every x ∈ R".

(b). ∫
|Af | dλ(x) =

∫ ∣∣∣∫ f(x − y)e−y2
dλ(y)

∣∣∣ dλ(x)

<
∫ ∫ ∣∣∣f(x − y)e−y2

∣∣∣ dλ(y) dλ(x)

=
∫ ∫

|f(x − y)| · e−y2
dλ(y) dλ(x)

=
∫ ∫

|f(x − y)| · e−y2
dλ(x) dλ(y), by part (a) and Tonelli’s Theorem

=
∫

e−y2
[∫

|f(x − y)| dλ(x)
]

dλ(y)

=
∫

e−y2||f ||1 dλ(y)

= ||f ||1
∫

e−y2
dλ(y)

= ||f ||1
√

π.

Note. To see why
∫

e−y2
dλ(y) =

√
π.

Let I :=
∫

e−y2
dλ(y). Then

I2 =
(∫

e−y2
dλ(y)

)
×
(∫

e−x2
dλ(x)

)
=

∫ ∫
e−(x2+y2) dλ(y) dλ(x)

=
∫ 2π

0

∫ ∞

0
e−r2

r dr dθ, where r2 = x2 + y2, tan θ = y

x
.

=
∫ 2π

0

ñ
e−r2

2

ô0

∞

dθ = 1
2

∫ 2π

0
dθ

= π.

Thus, I =
√

π.
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(c). For f, g ∈ L1(R) and K ∈ R we have

A(f + Kg) =
∫

[f(x − y) + Kg(x − y)] e−y2
dλ(y)

=
∫

f(x − y)e−y2
dλ(y) + K

∫
g(x − y)e−y2

dλ(y), ∵ integration is linear

Thus, A is linear. From part (b) we have ||Af || ≤
√

π||f ||1 for any f ∈ L1(R). Thus,
||A|| ≤

√
π.
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Below, m∗(·) and m(·) are the outer Lebesgue and Lebesgue measures on the real line.

1. Let A be a non-measurable set. Show that there exists an open set O such that

A ⊂ O

and
m∗(O) < m∗(A) + m∗(O \ A).

Proof. For the sake of contradiction, suppose that for any open set O ⊆ R with A ⊂ O,
we have

m(O) = m∗(A) + m∗(O \ A).

Then,

inf
open O⊃A

m(O) = inf
open O⊃A

{m∗(A) + m∗(O \ A)} .

From the definition of the outer measure of A, we have

inf
open O⊃A

m(O) = m∗(A).

Thus,

m∗(A) = inf
open O⊃A

{m∗(A) + m∗(O \ A)}

= m∗(A) + inf
open O⊃A

m∗(O \ A).

Hence,
inf

open O⊃A
m∗(O \ A) = 0.

Therefore, we can find a decreasing sequence (On)∞
n=1 of open sets such that

On ⊃ A and m∗(On \ A) <
1
n

.
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Let G be the Gδ set:
G :=

∞⋂
n=1

On.

Because G \ A =
∞⋂

n=1
(On \ A), we get

m∗(G \ A) <
1
n

.

Because this is true for any n ∈ N,

m∗(G \ A) = 0.

Because Lebesgue measure is a complete measure, this implies G \ A is measurable.
Since

A = G \ (G \ A),

then A is also measurable. This is a contradiction. Thus, there is an open set O ⊃ A

such that
m(O) < m∗(A) + m∗(O \ A).

2. (a) Does f is continuous a.e. on [0, 1] imply that

f = g a.e. on [0, 1]

for some continuous function g?

(b) Does
f = g a.e. on [0, 1]

for some continuous function g imply that f is continuous a.e. on [0, 1]?

Solution.

(a) We disprove the statement by giving a counterexample.
Consider the function f : [0, 1] → [0, 1] defined by

f(x) =

0, 0 ≤ x < 1
2 ,

1, 1
2 ≤ x ≤ 1.

The function f is continuous at every point of [0, 1] except x = 1
2 . Hence f is

continuous almost everywhere on [0, 1]. Suppose, for a sake of contradiction, that
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there exists a continuous function g : [0, 1] → R such that

f
a.e= g on [0, 1].

Since g
a.e= 0 almost everywhere on

[
0, 1

2
)
, continuity of g implies that

g(x) = 0 for every x ∈
ï
0,

1
2

ã
.

Indeed, if g(x0) ̸= 0 for some x0 < 1
2 , then by continuity, there would be an open

interval containing x0 on which g ̸= 0, contradicting the fact that g = 0 almost
everywhere on

[
0, 1

2
)
. Therefore,

g

Å1
2

ã
= 0.

Similarly, since g
a.e= 1 almost everywhere on

Å1
2 , 1
ò
, continuity implies that

g(x) = 1 for every x ∈
Å1

2 , 1
ò

.

Consequently, by taking the right hand side limit at x = 1
2. we get

g

Å1
2

ã
= 1.

This is a contradiction. Therefore, a function may be continuous almost every-
where without being equal almost everywhere to any continuous function.

(b) No. Consider the function f : [0, 1] → [0, 1] defined by

f(x) =

0, x ∈ [0, 1] ∩ Q
1, x ∈ [0, 1] \ Q.

The density of the set of rationals and irrationals in [0, 1] implies that f is not
continuous anywhere on [0, 1]. Let g : [0, 1] → [0, 1] be defined by g ≡ 1. Then, g is
continuous. Because the set of rational numbers is of measure zero, we have f

a.e= g

on [0, 1], even though f is not continuous at all (let alone almost everywhere).

3. Let f(x) be a function of bounded variation on [a, b] and

v(x) = TV
(
f |[a,x]

)
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be its total variation function (TV (f) = v(b) is the total variation of f on [a, b]). Show
that

(a)
|f ′(x)| ≤ v′(x)

for almost every x ∈ [a, b] and that∫
[a,b]

|f ′| ≤ TV (f);

(b) ∫
[a,b]

|f ′| = TV (f)

if f in addition is absolutely continuous.

(a) Proof. Recall that
v(x) = TV

(
f |[a,x]

)
, x ∈ [a, b].

In particular, v is non-decreasing and v(a) = 0. For any a ≤ x < y ≤ b, we have

|f(y) − f(x)| ≤ TV
(
f |[x,y]

)
= v(y) − v(x).

Therefore,
−(v(y) − v(x)) ≤ f(y) − f(x) ≤ v(y) − v(x).

From the left inequality, we get

(v + f)(y) − (v + f)(x) = v(y) − v(x) + f(y) − f(x) ≥ 0

and from the right inequality, we get

(v − f)(y) − (v − f)(x) = v(y) − v(x) − f(y) + f(x) ≥ 0.

Thus, both v + f and v − f are non-decreasing functions on [a, b].
Since every monotone function is differentiable almost everywhere, v+f and v−f

are differentiable almost everywhere. Consequently, v and f are differentiable
almost everywhere. The reason is:
v is differentiable almost everywhere because v = 1

2[(v + f) + (v − f)].

f is differentiable almost everywhere because f = 1
2[(v + f) − (v − f)].

At every point where these derivatives exist, we get

(v + f)′(x) = v′(x) + f ′(x) ≥ 0
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and
(v − f)′(x) = v′(x) − f ′(x) ≥ 0.

Thus,
−v′(x) ≤ f ′(x) ≤ v′(x),

and therefore
|f ′(x)| ≤ v′(x)

for almost every x ∈ [a, b].
Because v is non-decreasing, its derivative is nonnegative almost everywhere, and

∫ b

a
v′(x) dx ≤ v(b) − v(a).

It follows that ∫ b

a
|f ′(x)| dx ≤

∫ b

a
v′(x) dx ≤ v(b) − v(a) = TV (f).

Hence, ∫
[a,b]

|f ′| ≤ TV (f).

This completes the proof of part (a).

(b) Proof. Suppose in addition that f is absolutely continuous on [a, b]. By part (a),
∫ b

a
|f ′(x)| dx ≤ TV (f).

To prove the reverse inequality, let

P = {a = x0 < x1 < · · · < xn = b}

be an arbitrary partition of [a, b]. Since f is absolutely continuous, the Funda-
mental Theorem of Calculus gives

f(xi) − f(xi−1) =
∫ xi

xi−1
f ′(x) dx for each i = 1, · · · , n.

Therefore,
n∑

i=1
|f(xi) − f(xi−1)| =

n∑
i=1

∣∣∣∣∫ xi

xi−1
f ′(x) dx

∣∣∣∣
≤

n∑
i=1

∫ xi

xi−1
|f ′(x)| dx

=
∫ b

a
|f ′(x)| dx.
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Taking the supremum over all partitions P , we get

TV (f) ≤
∫ b

a
|f ′(x)| dx.

Thus, by combining this with the inequality from part (a), we get

∫
[a,b]

|f ′| = TV (f).

This completes the proof of part (b),

4. Let E be a measurable set with m(E) < ∞. Show that

lim
δ→0

m(E ∩ [x − δ, x + δ])
2δ

= 1

for almost every x ∈ E.

(In fact, the limit is equal to χE, the characteristic function of E, almost everywhere
on R.)

Proof. Let χE be the characteristic function of E. Since E is measurable and m(E) <

∞, we have
χE ∈ L1(R).

Let
F (x) :=

∫ x

0
χE(t) dt = m(E ∩ [0, x]).

Then, by the Lebesgue Differentiation Theorem,

F ′(x) = χE(x) for almost every x ∈ E.

We also have
F ′(x) = lim

δ→0

F (x + δ) − F (x − δ)
2δ

.

That is
F ′(x) = lim

δ→0

1
2δ

∫ x+δ

x−δ
χE(t) dt = lim

δ→0

1
2δ

m(E ∩ [x − δ, x + δ]).

Hence,

lim
δ→0

1
2δ

m(E ∩ [x − δ, x + δ]) = χE(x) for almost every x ∈ E.

But χE(x) ≡ 1 on E. Thus,
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lim
δ→0

1
2δ

m(E ∩ [x − δ, x + δ]) = 1 for almost every x ∈ E.

5. Let f be an integrable function on [0, 1] such that log |f | is also integrable on [0, 1],
where, as usual, log is the logarithm base e. Show that

lim
p→0+

∫
[0,1]

|f |p − 1
p

=
∫

[0,1]
log |f |.

Proof. For p > 0, define ϕ : [0, ∞) → R by

ϕp(x) := xp − 1
p

.

Let p ∈ (0, 1).

If x ∈ [0, 1], then,

|ϕp(x)| =
∣∣∣∣xp − 1

p

∣∣∣∣ = 1 − xp

p
≤ 1 − x

p
<

1 + x

p
.

If x > 1, then
|ϕp(x)| =

∣∣∣∣xp − 1
p

∣∣∣∣ = xp − 1
p

≤ x − 1
p

<
x + 1

p
.

Thus, for any 0 < p < 1, we have

|ϕp(x)| ≤ x + 1
p

for every x ∈ [0, ∞) (4)

Because f ∈ L1([0, 1]), f is finite for almost every point on [0, 1]. And because log |f | ∈
L1([0, 1]), f(x) ̸= 0 for almost every point on [0, 1]. Thus, 0 < |f(x)| < ∞ for almost
every x ∈ [0, 1].

By combining with Equation (4), for any 0 < p < 1, we then get

|ϕp(|f(x)|)| ≤ |f(x)| + 1
p

for almost every x ∈ (0, ∞). (5)

Because f ∈ L1(R), this implies

ϕp ◦ |f | ∈ L1(R) for any 0 < p < 1.
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notice that, for x > 0,

lim
p→0+

Å
xp − 1

p

ã
L′Hopital= lim

p→0+

d

dp

Å
xp − 1

p

ã
= lim

p→0+

xp ln x − 0
1

= ln x.

Hence, for almost every x > 0, we have

lim
p→0+

Å |f |p − 1
p

ã
= ln |f |. (6)

Thus, by Equations (5), (6), and the Lebesgue Dominated Convergence Theorem, we
get

lim
p→0+

∫ 1

0

|f |p − 1
p

=
∫ 1

0
ln |f |.

6. Let f be as in the previous problem. Show that

(a)

exp
ß∫

[0,1]
log |f |

™
≤ ∥f∥p =

Å∫
[0,1]

|f |p
ã1/p

for any p ∈ (0, 1];

(b)
lim

p→0+
∥f∥p ≤ exp

ß∫
[0,1]

log |f |
™

(use Problem 5).
(This problem shows that

lim
p→0+

∥f∥p = exp
ß∫

[0,1]
log |f |

™
.)

(a) Proof. From the proof of the previous problem we have ϕp ◦ |f | ∈ L1([0, 1]) for
p ∈ (0, 1).
That is ∫ 1

0

∣∣∣∣ |f |p − 1
p

∣∣∣∣ < ∞ for 0 < p < 1.
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This implies
∫ 1

0
|f |p < ∞, and therefore f ∈ Lp([0, 1]) for 0 < p ≤ 1 (the case

p = 1 comes from the hypothesis f ∈ L1([0, 1])).
(Note: f ∈ Lp([0, 1]) ⇐⇒ |f |p ∈ L1([0, 1]).)
Let p ∈ (0, 1]. Because exp(x) is convex, and

exp (ln (|f |p)) = |f |p ∈ L1([0, 1]),

by Jensen’s inequality we get

exp
Å∫ 1

0
ln (|f |p)

ã
≤

∫ 1

0
exp (ln (|f |p)) .

That is
exp p

Å∫ 1

0
ln |f |

ã
≤

∫ 1

0
|f |p.

This implies
exp
Å∫ 1

0
ln |f |

ã
≤ ||f ||p.

(b) From the previous problem, we have
∫

[0,1]
ϕp(|f |) =

∫
[0,1]

|f |p − 1
p

= 1
p

Å∫
[0,1]

|f |p − 1
ã

.

Thus, ∫
[0,1]

|f |p = p
∫

[0,1]
ϕp(|f |) + 1,

and therefore

||f ||p =
Å

p
∫

[0,1]
ϕp(|f |) + 1

ã 1
p

.

By taking ln from both sides we get,

ln ||f ||p = 1
p

ln
Å

p
∫

[0,1]
ϕp(|f |) + 1

ã
.

We have ln(1 + x) ≤ x for x > 0. Hence,

ln ||f ||p = 1
p

ln
Å

p
∫

[0,1]
ϕp(|f |) + 1

ã
≤ 1

p
· p

∫
[0,1]

ϕp(|f |)

=
∫

[0,1]
ϕp(|f |)
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From the previous problem, we have

lim
p→0+

∫
[0,1]

ϕp(|f |) =
∫

[0,1]
ln |f |.

Thus,

lim
p→0+

ln ||f ||p ≤
∫

[0,1]
ln |f |.

From the continuity of ln we have

ln
Å

lim
p→0+

||f ||p
ã

≤
∫

[0,1]
ln |f |.

Because exp x is an increasing function, we then get

lim
p→0+

||f ||p ≤ exp
Å∫

[0,1]
ln |f |

ã
.

This completes the proof of part (b).
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Below m∗() and m(·) are the outer Lebesgue measure and the Lebesgue measure on the real
line.

Problem 1. Let {En}n be pairwise disjoint measurable sets, E =
⋃

En, and A be any set.
Show that

m∗(E ∩ A) =
∑

n

m∗(En ∩ A).

Proof. By the countable sub-additivity,

m∗(E ∩ A) ≤
∑

n

m∗(En ∩ A).

Thus, if we can show the opposite inequality, then we are done. Because E1 is measurable,
by the definition of measurability and the pairwise disjointness of {En}n=1 we get

m∗(E ∩ A) = m∗(E1 ∩ A) + m∗
( ⊔

n=2
(En ∩ A)

)
.

This implies for any N ∈ N,

m∗(E ∩ A) =
N∑

n=1
m∗(En ∩ A) + m∗

( ⊔
n=N+1

(En ∩ A)
)

.

Therefore, for any N ∈ N,

m∗(E ∩ A) ≥
N∑

n=1
m∗(En ∩ A).

Then, by taking the limit as N → ∞, we get

m∗(E ∩ A) ≥
∑
n=1

m∗(En ∩ A).

This completes the proof.
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Problem 2. Let f be a continuous function on [0, 1]. Show that there exists a measurable
subset E ⊂ [0, 1] such that f(E) is not measurable if and only if there exists A ⊂ [0, 1] such
that m(A) = 0 and m∗(f(A)) > 0.

Proof. (⇒). Suppose there is a measurable set E ⊂ [0, 1] such that f(E) is not measurable.
Because E is measurable, there is a Gδ set G ⊃ E such that m(G \ E) = 0. Let A := G \ E.
So, m(A) = 0. Because the continuous image of a Gδ set is measurable, and sets with zero
outer-measure are also measurable, we must then have f(A) non-measurable. Because

f(G) = f(E) ∪ f(A),

if f(E) is non-measurable, then f(A) cannot be measurable. Hence, m∗(f(A)) > 0.

(⇐) Suppose there exists A ⊂ [0, 1] such that m(A) = 0 and m∗(f(A)) > 0. Then by Vitali’s
theorem, there is F ⊂ f(A) such that F is non-measurable. Let E = A ∩ f−1(F ). Then E

is measurable as m(E) = 0 and f(E) = F is non-measurable.

Problem 3. Let {fn}n be a sequence of measurable functions on E, m(E) < ∞. Assume
that for every x ∈ E there exists a constant Mx such that |fn(x)| ≤ Mx for all n. Show that
for every ϵ > 0 there exists a closed set Fϵ ⊆ E and a constant Mϵ such that |fn(x)| ≤ Mϵ,
for all n and x ∈ Fϵ, and m(E\Fϵ) < ϵ.

Proof. For each M ∈ N, define

EM = {x ∈ E : |fn(x)| ≤ M for every n ∈ N} .

Equivalently,
EM =

∞⋂
n=1

{x ∈ E : |fn(x)| ≤ M} .

Since each fn is measurable, EM is measurable. Moreover, we have

E1 ⊆ E2 ⊆ · · · ⊆ En ⊆ En+1 ⊆ · · · .

By hypothesis, for every x ∈ E there exists a finite constant Mx such that

|fn(x)| ≤ Mx for every n ∈ N.

By choosing an integer M ≥ Mx, we obtain x ∈ EM . Hence,

E =
∞⋃

M=1
EM .
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Because m(E) < ∞, continuity from below gives

m(EM) ↗ m(E) as M → ∞.

Therefore, there exists Mε ∈ N such that

m(E \ EMε) <
ε

2 .

By the inner regularity of Lebesgue measure, there exists a compact set Fε ⊆ EMε such that

m(EMε \ Fε) <
ε

2 .

Thus,
m(E \ Fε) ≤ m(E \ EMε) + m(EMε \ Fε)

<
ε

2 + ε

2
= ε.

Finally, since Fε ⊆ EMε , we have
|fn(x)| ≤ Mε

for every n ∈ N and every x ∈ Fε. Since Fε is compact, it is closed. This completes the
proof.

Proof 2.

Proof. Let ϵ > 0 be given. Because m(E) < ∞, we can find Nϵ ∈ N such that m(E\[−Nϵ, Nϵ]) <

ϵ/2. Let Gϵ := E ∩ [−Nϵ, Nϵ]. Then, by Lusin’s theorem, we can find a decreasing sequence
(Fn)n=1 of compact subsets of Gϵ such that for each n ∈ N, fn is continuous on Fn and
m(Fϵ\Fn) ≤ ϵ

∑n
k=1 1/2k+1. Let Fϵ = ⋂

n=1 Fn. Then m(E\Fϵ) ≤ ϵ/2 + ϵ
∑

k=1 1/2k+1 =
ϵ/2 + ϵ/2 = ϵ.

It remains to show that there is a uniform constant Mϵ such that |fn(x)| ≤ Mϵ, for all n

and x ∈ Fϵ. For a contradiction let’s assume that it is not the case. Then the decreasing
sequence (Aj)j=1 of compact sets defined by

Aj := {x ∈ Fϵ : |fnj
(x)| ≥ j for some nj ∈ N}

has non-empty intersection by the Cantor’s intersection theorem. Then for any x0 ∈ ⋂
j=1 Aj,

we have Mx0 ≥ |fnj
(x0)| ≥ j for all j ∈ N. This implies Mx0 = ∞. Contradiction.

Problem 4. Let {fn}n be sequence of functions on [0, 1] whose total variations are uniformly
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bounded. If fn → f pointwise on [0, 1] as n → ∞, show that f is a function of bounded
variation. Will the conclusion remain true if we simply assume that each fn is a function of
bounded variation? (justify your answer)

Proof. Let 0 < ϵ < 1 be given. Let P := {0 = x0, x1 · · · xm−1 = 1} be a partition of
[0, 1]. Then for each j ∈ {0, · · · m − 1}, there is fnj

such that |fnj
(xj) − f(xj)| < ϵ

2m
. Let

M ≥ max{nj : j = 0, · · · , m − 1}. Then |fM(xj) − f(xj)| < ϵ
2m

for all j = 0, · · · , m − 1. Let
K > 0 be a uniform bound such that TV (fn) < K for all n ∈ N. Then

V (f, P) =
m−1∑
j=1

|f(xj) − f(xj−1)|

≤
m−1∑
j=1

|f(xj) − fM(xj)| +
m−1∑
j=1

|fM(xj) − fM(xj−1)| +
m−1∑
j=1

|fM(xj−1) − f(xj−1)|

≤ ϵ/2 + K + ϵ/2 = ϵ + K < 1 + K.

Hence f ∈ FBV ([0, 1]).

For the second part: No. Let f be any (almost everywhere) continuous function on [0, 1]
which is not of bounded variation. By Weierstrass polynomial approximation theorem, there
is a sequence (Pn)n=1 of polynomial functions on [0, 1] that converges uniformly to f . But
each Pn is of bounded variation as any polynomial on a compact interval is Lipschitz.

Problem 5. Let {fn}n be sequence of measurable functions on a measurable set E that
converges almost everywhere on E to an integrable function f . Show that∫

E
|fn − f | → 0 if and only if

∫
E

|fn| →
∫

E
|f |

(both limits taking place as n → ∞).

Proof. (⇒). Because
∣∣|fn| − |f |

∣∣ ≤ |fn − f |, we have
∫

E
|f | −

∫
E

|fn − f | ≤
∫

E
fn ≤

∫
E

|f | +
∫

E
|fn − f |.

. Then, by taking the limit, we get

lim
n→∞

∫
E

|fn| =
∫

E
|f |.

Note: By the second inequality and the hypothesis, we have that for all but finitely many
n ∈ N, fn ∈ L1([0, 1]).
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(⇐). Notice that |fn − f | → 0, and
∫

E |fn − f | ≤
∫

E |fn| +
∫

E |f | < ∞ for all but finitely
many n ∈ N (∵

∫
E |fn| →

∫
E |f |). Then, by the General Lebesgue Dominated Convergence

Theorem, we get the claim
∫

E |fn − f | → 0.

Problem 6. Let f ∈ Lp[0, 1] for some p > 1. Show that f ∈ L1[0, 1] and that for any
c ∈ (0, ||f ||1) it holds that

m({x ∈ [0, 1] : |f(x)| > c}) ≥
( ||f ||1 − c

||f ||p

)q

,

where q is the conjugate exponent of p.

Proof. Let E1 := {x ∈ [0, 1] : |f(x)| > 1}. Then

||f ||1 ≤
∫

E1
|f | +

∫
[0,1]\E1

|f | ≤ ||f ||p + 1 < ∞.

Thus f ∈ L1[0, 1].

If ||f ||p = 0, then f
a.e= 0. Thus, we have the claim vacuously, as such a 0 < c < 0

does not exist. So, suppose ||f ||p ̸= 0. Because c ∈ (0, ||f ||1), ||f ||1 − c > 0. Let
Ec := {x ∈ [0, 1] : |f(x)| > c}. Then

||f ||1 ≤ c +
∫

[0,1]
|f | · χEc ≤ c + ||f ||p · m(Ec)1/q.

Hence
m(Ec) ≥

( ||f ||1 − c

||f ||p

)q

.
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In what follows, m(·) is the Lebesgue measure on the real line and E is measurable.

Problem 1. Let E be a measurable set for which there exists δ ∈ (0, 1) such that m(E∩I) >

δm(I) for any interval I ⊂ (−∞, ∞). Show that m((−∞, ∞)\E) = 0.

Proof. Let F ⊂ (−∞, ∞)\E be such that m(F ) < ∞. Then for any ϵ > 0, there is a count-
able collection {In}n=1 of disjoint open intervals such that ⊔

n=1 In ⊃ F and ∑
n=1 m(In) <

m(F ) + δϵ. Hence

δ
∑
n=1

m(In) < m(E ∩
⊔

n=1
In) < m(

( ⊔
n=1

In

)
\F ) =

∑
n=1

m(In) − m(F ) = δϵ.

Thus,
∑
n=1

m(In) < ϵ. Since ϵ > 0 is arbitrary, this implies m(F ) = 0 as F ⊂ ⊔
n=1 In. Because

F is arbitrary, and any measurable set with infinite measure always have a measurable subset
with finite measure, we have the claim.

Problem 2. A sequence of measurable functions fn on E converges to a measurable function
f in measure on E if limn→∞ m{x : |(fn − f)(x)| > δ} = 0 for any δ > 0. Show that

(a) almost everywhere convergence implies convergence in measure if m(E) < ∞;

(b) almost everywhere convergence does not imply in general convergence in measure if
m(E) = ∞;

(c) converge in measure does not imply in general almost everywhere convergence even if
m(E) < ∞.

Proof. (a) Suppose fn
a.e→ f on E. Let ϵ > 0. Then by Egoroff’s theorem, there is closed
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F ⊂ E such that fn ⇒ f on F and m(E\F ) < ϵ. Therefore for any δ > 0, we have

m{x ∈ E : |(fn − f)(x)| > δ} = m{x ∈ F : |(fn − f)(x)| > δ}+
m{x ∈ E\F : |(fn − f)(x)| > δ}
≤ m{x ∈ F : |(fn − f)(x)| > δ} + ϵ.

Because ϵ > 0 is arbitrary and limn→∞ m{x ∈ F : |(fn − f)(x)| > δ} = 0, we have the
claim.

(b) Let E = [0, ∞) and define the sequence of measurable functions (fn)n=1 on E by
fn = χ[n,∞). Thus for any x ∈ E, fn(x) → 0. But, for example,

lim
n→∞

m{x : |(fn − 0)(x)| > 1/2} = lim
n→∞

m([n, ∞)) = ∞.

(c) Define a collection {Ek,m}0≤k≤m−1, m=1 of intervals of [0, 1] by Ek,m := [k/m, (k+1)/m].
Define the sequence (fn)n=0 of measurable functions on [0, 1] by fn = χEk,m

where
n = m(m − 1)/2 + k, n ∈ N, 0 ≤ k ≤ m − 1. In other words, (fn)n=1 are the indicator
functions of the sequence of sets:(

[0, 1], [0,
1
2], [12 , 1], [0,

1
3], [13 ,

2
3], [23 , 1], · · ·

)
.

Then for any x ∈ [0, 1], we can find sub sequences (fni
)i=1 and (fnj

)j=1, say, such that
fni

(x) = 0 and fnj
(x) = 1 (simply by choosing k, m so that x /∈ Ek,m and x ∈ Ek,m

respectively). Thus (fn)n=1 does not converge point-wise anywhere in [0, 1]. But for
any 0 < δ < 1 we have

m
(
{x ∈ [0, 1] : fn(x) > δ}

)
= m(Ek,m) = 1/m < 1/

√
n,

and for any δ ≥ 1 we have m
(
{x ∈ [0, 1] : fn(x) > δ}

)
= 0. Thus (fn)n=1 converges to

f ≡ 0 in measure on [0, 1].

See the following Problem 3 for a slightly different example.

Problem 3. Show that if functions fn are non-negative and measurable on E and
∫

E fn ≤
1/n2 , then fn → 0 holds almost everywhere on E. Will the claim remain true if 1/n2 is
replaced by 1/n?

Proof. (See Problem 5 of August 2021 for a different proof)
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Let F := {x ∈ E : fn(x) ↛ 0}. Then

F =
∞⋃

k=1

∞⋂
N=1

∞⋃
n=N

{x ∈ E : fn(x) > 1/k}.

With Chebyshev’s inequality and the continuity of the Lebesgue measure, we have

m(F ) = m
( ∞⋃

k=1

∞⋂
N=1

∞⋃
n=N

{x ∈ E : fn(x) > 1/k}
)

≤
∞∑

k=1
lim

N→∞
m
( ∞⋃

n=N

{x ∈ E : fn(x) > 1/k}
)

≤
∞∑

k=1
lim

N→∞

∞∑
n=N

m
(
{x ∈ E : fn(x) > 1/k}

)
≤

∞∑
k=1

lim
N→∞

∞∑
n=N

k
∫

E
fn ≤

∞∑
k=1

lim
N→∞

∞∑
n=N

k

n2 = 0.

No. We can inductively construct a sequence (an)n=0 of numbers in [0, 1] with the following
properties:

i. a0 = 0 and for any n ∈ N, an ̸= an+1.

ii. For n ∈ N, if an + 1/n ≤ 1, then let an+1 := an + 1/n.

iii. For n ∈ N, if an < 1 and an + 1/n > 1, then let an+1 = 1 and an+2 = 0.

So the sequence has an infinite number of finite strings of consecutive terms starting from
0 and ending at 1, again and again. This is possible as ∑

n=1 1/n = ∞ implies that for any
k ∈ N, there is K ∈ N such that ∑K

n=k 1/n ≥ 1 = m([0, 1]).

Then we can define a sequence In := [bn, bn+1] of closed sub-intervals of [0, 1] where bn =
an+Kn for some Kn ∈ N such that bn+1 − bn ≤ 1/n, and for any n ∈ N, there exist Mn ≤ n <

Nn such that [0, 1] = ⋃Nn
n=Mn

In. Here are the first few intervals of such a sequence:

[0, 1],[
0,

1
2

]
,
[1

2 ,
5
6

]
,
[5

6 , 1
]

[
0,

1
5

]
,
[1

5 ,
11
30

]
,
[11

30 ,
107
210

]
, · · ·

Therefore, for any x ∈ [0, 1], we can find two sub-sequences (Ini
)i=1 and (Inj

)j=1 such that
x ∈ Ini

for all i ∈ N and x /∈ Inj
for all j ∈ N. Hence, the sequence (fn)n=1 of functions on
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[0, 1] defined by fn := χIn does not converge pointwise anywhere in [0, 1]. But
∫

[0,1]
|fn| = m(In) ≤ 1

n
.

Problem 4. Let f be an integrable function on a bounded measurable set E. Find
limp→0+

∫
E |f |p.

Answer. We prove
lim

p→0+

∫
E

|f |p = m(E\E∗).

Here E∗ := f−1({0, ∞}).

Let E1 := {x ∈ E : 0 < |f(x)| ≤ 1} and E2 := {x ∈ E : ∞ > |f | > 1}. Then for all
0 < p < 1, |fχE1|p ≤ 1, and limp→0+ |fχE2(x)|p = 1. Because f ∈ L1(E), m(f−1({∞})) = 0.
Thus, by the Lebesgue Dominated Convergence Theorem,

lim
p→0+

∫
E

|f |p = lim
p→0+

∫
E1

|f |p + lim
p→0+

∫
E2

|f |p = m(E1) + m(E2) = m(E\E∗).

Q: What if E is an unbounded measurable set with finite measure?

An idea: E = ⋃∞
n=1 En, where En := E ∩ [n, n + 1].

Problem 5. Let E ⊂ [0, 1] be a Borel set such that 0 < m(E ∩I) < m(I) for any subinterval
of [0, 1]. Show that f(x) = m([0, x] ∩ E) − m([0, x]\E) is absolutely continuous on [0, 1] but
it is not monotone on any subinterval of [0, 1].

Proof. Because f(x) =
∫ x

0 (χE −χEc), an indefinite integral, f ∈ AC[0, 1] by the fundamental
theorem of Lebesgue integral calculus.

For the second part:

• Proof 1: The hypothesis “0 < m(E ∩ I) < m(I) for any subinterval of [0, 1]” states that
E is dense in [0, 1] and does not contain any intervals (hence it is totally disconnected). This,
together with the fact “f ′(x) = χE −χEc for almost every x ∈ [0, 1]”, imply that for any sub-
interval J ⊂ [0, 1], there exist points a, b ∈ J such that f ′(a) = 1 > 0 and f ′(b) = −1 < 0.
Thus f cannot be monotone on J .
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• Proof 2. Notice that, because any Borel set is Lebesgue measurable,

f(x) = 2m([0, x] ∩ E) − x.

Case 1: Suppose there is an interval J on which f is monotonically decreasing. Then for any
x1, x2 ∈ J , x1 < x2 we have f(x1)−f(x2) ≥ 0. Which implies (x2 − x1)/m([x1, x2] ∩ E) ≥ 2.
For any given ϵ > 0, choose {Ik}k=1, Ik ⊂ J so that ⊔

k=1 Ik ⊃ E ∩ J and ∑
k=1 m(Ik) <

m(E ∩ J) + ϵ. Then

m(E∩J)+ϵ >
∑
k=1

m(Ik) =
∑
k=1

m(Ik)
m(Ik ∩ E ∩ J)m(Ik∩E∩J) ≥ 2

∑
k=1

m(Ik∩E∩J) = 2m(E∩J).

Because ϵ > 0 is arbitrary, this implies m(E ∩ J) = 0. Contradiction.

Case 2: Suppose there is an interval J on which f is strictly increasing. Then for any x1, x2 ∈
J , x1 < x2 we have f(x2) − f(x1) > 0. Which implies m([x1, x2] ∩ E) > (x2 − x1)/2. Then
by Problem 1 (replacing (−∞, ∞) with J), m(J\E) = 0. Which implies m(J ∩ E) = m(J).
Contradiction.

Because J is an arbitrary interval, f is not monotone on any sub-interval of [0, 1].

• Proof 3. If you are allowed, use the Lebesgue Density Theorem.

Q: Can E be a Lebesgue measurable but non-Borel set (with positive measure, of course)?

Q: Does there exist a Lebesgue measurable but non-Borel set E ⊂ [0, 1] such that for any
interval I ⊂ [0, 1], E ∩ I is non-Borel?

An idea: Any Lebesgue measurable set is a Borel set minus a set of measure zero.
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Problem 1. Let A be a set such that A ∩ K ̸= ∅ for any compact subset K of real line of
positive measure. Show that A has infinite outer Lebesgue measure.

Proof. If m(A) < ∞, then m(Ac) > 0. Hence by the inner regularity of the Lebesgue measure
there is a compact set K ⊂ Ac, say, with m(K) > 0. This contradicts the hypothesis as
A ∩ K = ∅.

Problem 2. Show that if f is continuous almost everywhere on [0, 1], then it is measurable.

Proof. Let E ⊂ [0, 1] be the set of all points at where f is continuous. Then m(Ec) = 0,
and therefore E and fE (∵ the inverse image of any open set under fE is the intersection
between an open set and E) are measurable. Because f−1((a, ∞)) a.e= f |−1

E ((a, ∞)) for any
a ∈ R, f is measurable.

Problem 3. For a non-negative measurable function f on a measurable set E define

mf (t) = m({f > t}), t > 0,

where m is the Lebesgue measure. Show that
∫

E φ =
∫ ∞

0 mφ for any non-negative simple
function φ.

Proof. Let φ = ∑n
j=1 ckχEj

with c1 < · · · < cn. Then

mφ(t) = χ[0,c1)(t) ·
n∑

j=1
m(E ∩ Ej) +

n−1∑
k=1

[
χ[ck,ck+1)(t) ·

n∑
j=k+1

m(E ∩ Ej)
]
.

Thus
∫ ∞

0
mφ = c1

n∑
j=1

m(E ∩ Ej) +
n−1∑
k=1

[
(ck+1 − ck)

n∑
j=k+1

m(E ∩ Ej)
]

=
n∑

j=1
cj · m(E ∩ Ej) =

∫
E

φ.
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Problem 4. In the setting of the previous problem and assuming its statement is true, show
that

∫
E f =

∫ ∞
0 mf for any non-negative measurable function f .

Proof. By the simple approximation theorem, we can find an increasing sequence (φn)n=1 of
positive simple functions such that φn ↗ f on E. By the monotone convergence theorem∫

E φn ↗
∫

E f , and by the previous problem
∫

E φn =
∫ ∞

0 mφn for all n ∈ N. Thus if we can
show limn→∞

∫ ∞
0 mφn =

∫ ∞
0 mf , then we are done.

Notice that for any t > 0, x ∈ {x ∈ R : f(x) > t} if and only if x ∈ {x ∈ R : φn(x) > t} for
all but finitely many n ∈ N. Thus

{x ∈ R : f(x) > t} =
∞⋃

k=1

∞⋂
n=k

{x ∈ R : φn(x) > t}.

Then

mf (t) := m({x ∈ R : f(x) > t})

= m
( ∞⋃

k=1

∞⋂
n=k

{x ∈ R : φn(x) > t}
)

= lim
k→∞

m
( ∞⋂

n=k

{x ∈ R : φn(x) > t}
)

, ∵ continuity of Lebesgue measure

= lim
k→∞

m({x ∈ R : φk(x) > t}),∵
∞⋂

n=k

{x ∈ R : φn(x) > t} = {x ∈ R : φk(x) > t}

= lim
n→∞

m({x ∈ R : φn(x) > t}) = lim
n→∞

mφn(t).

Because t > 0 is arbitrary and (mφn)n=1 is an increasing sequence of measurable functions,
by the monotone convergence theorem we get

lim
n→∞

∫ ∞

0
mφn =

∫ ∞

0
mf .

This completes the proof.

Problem 5. Let f be integrable function of the real line. Show that f = 0 almost everywhere
if

∫
I f = 0 for any interval I of length 1.

Proof. For the sake of contradiction let’s assume that there is ϵ > 0 and a measurable set
E+

1 inside of an interval of length 1 such that m(E+
1 ) > 0 and f |E+

1 > ϵ (choose E+
1 to be

maximal, up to measure zero set, within a unit interval). Then the hypothesis implies that
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there is another set E−
1 , within an interval of length 1 to E+

1 , such that m(E+
1 ) = m(E−

1 ) and
fE−

1 < −ϵ. By continuing in this way we can find a sequence (E+
n )n=1 of disjoint measurable

sets with same (positive) measure such that f |E+
n > ϵ for all n ∈ N. This violates the

integrebility of f as
∫

|f | >
∫⊔∞

n=1 E+
n

f ≥
∞∑

n=1
ϵ · m(E+

n ) = ϵ · ∞ = ∞.

Problem 6. Let f ∈ Lp[0, 1], p ∈ (1, ∞), and F be an indefinite integral of f . Show that
for each x ∈ (0, 1)

lim
h→0+

F (x + h) − F (x)
h1/q

= 0,

where q is the conjugate exponent of p.

Proof. We have F (x) = F (0) +
∫ x

0 f for all x ∈ [0, 1]. Therefore, for any x ∈ [0, 1],

lim
h→0+

∣∣∣F (x + h) − F (x)
h1/q

∣∣∣ ≤ lim
h→0+

∫ x+h
x |f |
h1/q

= lim
h→0+

∫
[0,1] |f | · χ2

[x,x+h]

h1/q

Holder
≤ lim

h→0+
||fχ[x,x+h]||p. (∗)

Let h = 1/n, n ∈ N. For fixed x ∈ [0, 1], define the sequence (fx,n)n=1 of L1[0, 1] functions
by

fx,n(t) := |f(t)|p · χ[x,x+1/n](t).

Thus, fx,n ≤ |f |p for all n ∈ N and fx,n(t) → 0 for all t ∈ [0, 1]\{x} as n → ∞. Since
the singletons have zero measure and f p ∈ L1[0, 1], the Lebesgue Dominated Convergence
Theorem tells

∫ 1
0 fx,n → 0 for all x ∈ [0, 1]. This, together with the squeeze theorem, gives

us
lim

h→0+
||fχ[x,x+h]||p = lim

n→∞
||fχ[x,x+ 1

n
]||p = lim

n→∞

( ∫ 1

0
fx,n

)1/p

= 0. (∗∗)

By (∗) and (∗∗) we have the claim.
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Problem 1. Let f → [0, ∞) be a measurable function and define its distribution function
df : [0.∞) → [0, ∞] defined by df (t) = |{x ∈ R : f(x) > t}|.

i. Prove or disprove the statement that the function df is left continuous, that is to say

lim
t↗t0

df (t) = df (t0), for each t0 > 0.

ii. Prove or disprove the statement that the function df is right continuous, that is to say

lim
t↘t0

df (t) = df (t0), for each t0 ≤ 0.

Proof. i. Let t0 = 1 and f(x) = χ[0,1)(x). Then df (t0) = 0 ̸= 1 = limt↗t0 df (t). So, dχ[0,1)

is not left continuous.

ii. Let t0 ≥ 0. We prove limt↘t0 df (t) = df (t0). For t > t0, notice that

m(f−1(t0, ∞)) = m(f−1(t0, t]) + m(f−1(t, ∞)) (∗)

Because f−1(t0, t1] ⊂ f−1(t0, t2] for any t1 < t2, limt↘t0 m(f−1(t0, t]) exists (continuity
of Lebesgue measure). If it is 0, then we are done. If not, then there are M > 0 and
N > t0 such that limt↘t0 m(f−1(t0, t]) ≥ M for all t ∈ (t0, N). Let t ∈ (t0, N). Because
t0 /∈ (t0, t], there is a countable union of disjoint (can be de-generated) intervals (Ik)∞

k=1
in (t0, t] such that m(f−1(Ik)) ≥ M for each k (let the enumeration begin from the
right). This says m(f−1(t0, t]) = ∞. Because t is arbitrary, limt↘t0 m(f−1(t, ∞)) ≥
limn→∞

∑n
k=1 m(Ik) ≥ limn→∞ nM = ∞. Here ⊔n

k=1 Ik ⊂ (t, N). So, limt↘t0 df (t) = ∞.
Then from (∗), df (t0) = limt↘t0 df (t) = ∞.

Problem 2. Let f : R → R be a Lipschitz function. Show the following.

i. if F ⊂ R is an Fσ set then f(F ) ⊂ R is an Fσ set.
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i. if F ⊂ R is a measurable set then f(F ) ⊂ R is a measurable set.

Proof. i . Because R = ⋃
n∈Z[n, n + 1], F ⊂ R is an Fσ set if and only if it is a countable

union of compact sets. Since the continuous image of a compact set is compact and
f(A ∪ B) = f(A) ∪ f(B) for any sets (let’s say measurable) A, B ⊂ R, we have that
f(F ) is an Fσ set if F is an Fσ set.

ii . Suppose F ⊂ R is a measurable set. Then F = E ⊔ (F\E) where E is an Fσ set and
m(F\E) = 0. Hence f(F ) = f(E)∪f(F\E). So, if we can show m(f(F\E)) = 0, then
by part (i) we have that F is measurable. In-particular, if we can show m(f(A)) ≤
m(A) for any measurable set A, then we are done. Because the semi-ring of bounded
intervals generates the collection of all Lebesgue measurable sets (and with the fact
that singletons have measure zero), it is enough to show m(f([a, b])) ≤ M(b − a) for
any closed interval [a, b]. Here M > 0 is the Lipschitz constant of f . In-fact

m(f([a, b])) ≤ max
x∈[a,b]

f(x) − min
x∈[a,b]

f(x) = f(α) − f(β) ≤ M(α − β) ≤ M(b − a).

Here α, β ∈ [a, b] are such that f(α) = maxx∈[a,b] f(x) and f(β) = minx∈[a,b] f(x).

Problem 3. Let ϕ : R → R be a function. Show that the following are equivalent:

(*) for each measurable set E ⊂ R, the set ϕ−1(E) is measurable and |ϕ−1(E)| = |E|;

(**) for each measurable function f : R → R, the function f ◦ ϕ : R → R is measurable and∫
R

f ◦ ϕ =
∫
R

f.

Proof. (∗ ⇒ ∗∗) Since ϕ is measurable by the hypothesis, f ◦ ϕ is measurable. Because
f : R → R is measurable, there is a sequence (φn)∞

n=1 of simple functions that converges
pointwise to f on R with |φn| ≤ |f | for all n ∈ N (if f > 0, choose (φn)∞

n=1 to be increas-
ing). Therefore, if we can show the claim for any simple function, then we are done, as: If
f ∈ L1(R), then use LDCT. If f /∈ L1(R), then at-least one of

∫
R f− or

∫
R f+ equals ∞. Then

use the monotone convergence theorem to this f− or f+.

Let f(x) = ∑∞
k=1 akχEk

(x) be a simple function. Then

∫
R

f ◦ ϕ =
n∑

k=1
akm(ϕ−1(Ek)) =

n∑
k=1

akm(Ek) =
∫
R

f.
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(∗ ⇐ ∗∗) Letting f be the identity, we get ϕ : R → R is measurable. And for any measurable
set E, letting f = χE, we get

m(ϕ−1(E)) =
∫
R

f ◦ ϕ
Hypothesis=

∫
R

f = m(E).

Problem 4. Let E ⊂ R be a measurable set with 0 < |E| < ∞. Let f ∈ Ł∞(E).

i. Show that f ∈ Lp(E) for each p ∈ [1, ∞)

ii. Show that ||f ||p → ||f ||∞ as p → ∞.

Proof. i. Let p ∈ [1, ∞). Then ||f ||p ≤ ||f ||∞ · m(E)1/p < ∞. Thus f ∈ Lp(E).

ii. Because ||f ||p ≤ ||f ||q for any p ≤ q, the limit L := limp−→∞ ||f ||p exists in [0, ∞]. But

since f ∈ L∞(E), L ∈ [0, ∞). Notice that ||f ||p =
( ∫

E |f |p
)1/p

≤ m(E)
1
p ||f ||∞. Then

by taking the limit as p → ∞ we get L ≤ ||f ||∞. To show the reverse inequality: for
n ∈ N, define

En := {x ∈ E : ||f ||∞
(

1 − 1
n

)
≤ |f(x)| ≤ ||f ||∞}.

Then m(En) > 0. (This is true as m(E) > 0 and || · ||∞ is the essential sup norm.
If it is just the sup norm, then the claim is false. For a counter example consider
f : [0, 1] → [0, 1] defined by f(x) = 1 if x = 1/2, and f(x) = 0 else). Then

||f ||pp =
∫

E
|f |p =

∫
En

|f |p +
∫

E\En

|f |p ≥ ||f ||p∞ ·
(

1 − 1
n

)p

· m(En)

Hence L = limp−→∞ ||f ||p ≥ limp−→∞ ||f ||∞ ·
(

1 − 1
n

)
· m(E)

1
p = ||f ||∞ ·

(
1 − 1

n

)
. Since

this is true for any n ∈ N, we get L ≥ ||f ||∞, and therefore the claim.

Problem 5. Let f ∈ L1(R). For each λ > 0, put fλ(x) = λf(λx). Show that fλ ∈ L1(R),
and that fλ → f in L1(R) as λ → 1.

Proof. For n ∈ N, we have
∫

[−n,n] |fλ| =
∫

[−λn,λn] |f | ≤ ||f ||1 < ∞. This is true for any n ∈ N,
fλ ∈ L1(R). Define gλ := |fλ|+|f |−|fλ−f |

2 . Then gλ ≥ 0. By Lusin’s theorem, for any ϵ > 0, we
can find a measurable set Eϵ such that

(i). ||f · χR\Eϵ||1 < ϵ/2,

(ii). ||fλ · χR\Eϵ||1 < ϵ for all close enough λ to 1, and
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(iii). limλ→1 gλ = |f | pointwise on Eϵ.

Thus, by Fatou’s lemma,

||fEϵ||1 ≤ ||fEϵ||1 − 1
2 lim sup

λ→1
||(fλ − f)Eϵ||1.

Hence limλ→1 ||(fλ − f)Eϵ||1 = 0. This together with (ii) gives us

lim
λ→1

||fλ − f)||1 < ϵ.

Because this is true for any ϵ > 0, we have the claim.

Problem 6. Assume fn → f and gn → g in L2(R). Show that fngn → fg in L1(R).

Proof. We have that

||fngn − fg||1 = ||(fn − f)gn + (gn − g)f ||1
Minkowski

≤ ||(fn − f)gn||1 + ||(gn − g)f ||1
Holder

≤ ||fn − f ||2 · ∥gn||2 + ||gn − g||2 · ∥f ||2.

Because gn → g in L2(R), g2
n → g2 in L1(R). Thus, by letting n → ∞ in the above inequality,

we get the claim as f, g ∈ L2(R) .
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Problem 1. Let n ∈ N and p1, p2, · · · , pn ∈ (1, ∞) be such that 1
p1

+ 1
p2

+ · · · + 1
pn

= 1. If
f1 ∈ Lp1(R), f2 ∈ Lp2(R), · · · , fn ∈ Lpn(R), then show that f1f2 · · · fn ∈ L1(R).

Proof. We prove by induction on n. The base case (when n = 2) follows from Holder’s
inequality. Let k ∈ N≥2 and suppose that the claim is true for all n = 2, · · · , k. That is; if
1
p1

+ 1
p2

+· · ·+ 1
pk

= 1 and f1 ∈ Lp1(R), f2 ∈ Lp2(R), · · · , fk ∈ Lpk(R), then f1f2 · · · fk ∈ L1(R).

Need to show if 1
p1

+ 1
p2

+ · · · + 1
pk

+ 1
pk+1

= 1 and f1 ∈ Lp1(R), f2 ∈ Lp2(R), · · · , fk ∈
Lpk(R), fk+1 ∈ Lpk+1(R), then f1f2 · · · fkfk+1 ∈ L1(R). Let q = pkpk+1

pk+pk+1
. Then 1

p1
+ 1

p2
+ · · · +

1
q

= 1. This implies q > 1. Thus, if we can show fkfk+1 ∈ Lq(R), then we are done by the
induction hypothesis as it implies f1f2 · · · (fkfk+1) ∈ L1(R). Notice that

fk ∈ Lpk(R) ⇒ fpk
k ∈ L1(R) ⇒ f q

k ∈ L
pk
q (R).

Similarly
fk+1 ∈ Lpk+1(R) ⇒ f

pk+1
k ∈ L1(R) ⇒ f q

k+1 ∈ L
pk+1

q (R).

Since q
pk

+ q
pk+1

= 1, by Holder’s inequality, ||f q
k f q

k+1||1 ≤ ||f q
k || pk

q
+ ||f q

k+1|| pk+1
q

< ∞. Hence
fkfk+1 ∈ Lq(R).

Problem 2. Let A and B be Lebesgue measurable subsets of R, with A ⊂ B. Show that
m(A) = m(B) if and only if every subset C satisfying A ⊂ C ⊂ B is Lebesgue measurable.

Proof. (⇒) Suppose m(A) = m(B). Then for any C ⊂ R with A ⊂ C ⊂ B, there is a set
E ⊂ R, say, of Lebesgue measure zero, such that C = A ⊔ E. Hence C is measurable.
(⇐) For the contra-positive, assume m(A) ⪇ m(B). Then by Vitali’s theorem, there is a
non-measurable set F ⊂ B\A. Then C := A ⊔ F is non-measurable with A ⊂ C ⊂ B.

Problem 3.

(a). Prove that for every ϵ > 0 there is an open subset of [0, 1], whose closure is [0, 1], and
whose Lebesgue measure is less than ϵ.
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(b). Prove that for every a ∈ (0, 1] there is an open subset of [0, 1], whose closure is [0, 1],
and whose Lebesgue measure is equal to a.

Proof. (a). If ϵ > 1, then take (0, 1) to be the open set. If ϵ ∈ (0, 1], then take the set below
in part (b) when, for example, a = ϵ

2 .

(b). Let a ∈ (0, 1]. Consider the standard middle third Cantor set (let’s denote it by C 1
3
).

Instead of removing middle thirds (the ratio of "length of a removed interval in stage
n + 1" to "the length of the interval where it belonged as the middle third interval in
stage n" is 1 : 3), let’s remove the middle (1+2a

a
)th. That is; the ratio of "length of a

removed interval in stage n + 1" to "the length of the interval where it belonged as the
middle (1+2a

a
)th interval in stage n" is 1 : 1+2a

a
. Let Ua be the disjoint union of those

removed open intervals in this process. Hence Ua is open and clearly Ua = [0, 1] as
[0, 1]\Ua does not contain any open interval. And

m(Ua) =
∞∑

n=0
2n
( a

1 + 2a

)n+1
= a.

Problem 4. Let f, g : [0, 1] −→ R. Prove that

TV (fg) ≤ TV (f) sup
x∈[0,1]

|g(x)| + TV (g) sup
x∈[0,1]

|f(x)|,

where TV is the total variation. Give examples where the inequality is strict, and where the
equality holds although none of the functions f, g is constant.

Proof. Let P = {0 = a0 < a1 < · · · < an−1 < an = 1} be a partition of [0, 1]. Then

V (fg, P) =
n∑

k=1
|f(ak)g(ak) − f(ak−1)g(ak−1)|

≤
n∑

k=1
|f(ak) − f(ak−1)||g(ak)| + |g(ak) − g(ak−1)||f(ak−1)|

≤ sup
x∈[0,1]

|g(x)|
n∑

k=1
|f(ak) − f(ak−1)| + sup

x∈[0,1]
|f(x)|

n∑
k=1

|g(ak) − g(ak−1)|

= V (f, P) sup
x∈[0,1]

|g(x)| + V (g, P) sup
x∈[0,1]

|f(x)|.

Then by taking the suprimum over all the partitions of [0, 1], we get the claim.
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For the strict inequality: Let f(x) :=

0 if x ∈ [0, 1
2)

1 if x ∈ [1
2 , 1]

and g(x) :=

1 if x ∈ [0, 1
2)

0 if x ∈ [1
2 , 1]

.

Then fg = 0.

Thus TV (fg) = 0 and TV (f) supx∈[0,1] |g(x)| + TV (g) supx∈[0,1] |f(x)| = 1 · 1 + 1 · 1 = 2.

For the equality: let f(x) be as above and and let g be any function with TV (g|[ 1
2 ,1]) = ∞.

Then the both sides of the inequality becomes ∞.

If need a finite equality: Let f(x) be as above and g(x) :=

1 if x ∈ [0, 1
2 ]

0 if x ∈ (1
2 , 1]

. Then

fg(x) :=

1 if x = 1
2

0 else
. Thus TV (fg) = 2 (for the partition, for example, {0 < 1

2 < 1})

and TV (f) supx∈[0,1] |g(x)| + TV (g) supx∈[0,1] |f(x)| = 1 · 1 + 1 · 1 = 2.

Problem 5. Let (fn)∞
n=1 be a sequence of functions in L1([0, 1]), satisfying

∫
[0,1]

|fn| ≤ 1
n2

for every n ∈ N. Show that fn converges to 0 pointwise a.e.

Proof. Let ϵ > 0 be given. Then by Chebyshev’s inequality,

m({x ∈ [0, 1] : |fn(x)| ≥ ϵ}) ≤ 1
ϵ

∫
[0,1]

|fn| ≤ ϵ

n2 .

Thus ∑∞
n=1 m({x ∈ [0, 1] : |fn(x)| ≥ ϵ}) ≤ ∑∞

n=1
ϵ

n2 < ∞. Therefore, by the Borel-
Cantelli lemma, for almost all x ∈ [0, 1], there is N ∈ N such that for each n > N ,
x /∈ {x ∈ [0, 1] : |fn(x)| ≥ ϵ}. In other words: for almost all x ∈ [0, 1] there is N ∈ N such
that for each n > N , |fn(x)| < ϵ. Hence the claim.

Problem 6. Let f : [0, 1] −→ R be a continuous function. Evaluate

lim
n−→ ∞

∫ 1

0
nxn−1f(x)dx.

Answer. For a fixed a ∈ R and k ∈ N, we get limn−→ ∞
∫ 1

0 nxn−1axkdx = a. Thus, by
the linearity of the Lebesgue integral, limn−→ ∞

∫ 1
0 nxn−1P (x)dx = P (1) for any polynomial

P (x) on [0, 1]. Let f be a continuous function on [0, 1]. By the Weierstrass approximation
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theorem, there is a sequence (Pm(x))∞
m=1 of polynomials on [0, 1] such that Pm ⇒ f . Because

one of the limits is uniform, we can interchange the two limits. Thus,

f(1) = lim
m−→ ∞

Pm(1) = lim
m−→ ∞

(
lim

n−→ ∞

∫ 1

0
nxn−1Pm(x)dx

)
= lim

n−→ ∞

(
lim

m−→ ∞

∫ 1

0
nxn−1Pm(x)dx

)
= lim

n−→ ∞

∫ 1

0
lim

m−→ ∞
nxn−1Pm(x)dx

= lim
n−→ ∞

∫ 1

0
nxn−1f(x)dx.

Note: We cannot start with lim
n−→ ∞

∫ 1

0
nxn−1f(x)dx as we still don’t know if the limit exists.
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1. Give an example of a measurable set E ⊂ R of finite measure such that m(E∩(E+r)) >

0 for every r ∈ R (where E + r = {x + r : x ∈ E}).

Example 1.
∞⊔

n=1
[−n − 1

2n
, −n] ⊔ [−1, 1] ⊔

∞⊔
n=1

[n, n + 1
2n

].

Example 2. Let (qn)n∈N be an enumeration of Q. Then

∞⋃
n=1

[qn − 1
2n

, qn + 1
2n

].

2. Let fn : [0, 1] −→ [0, ∞) (n = 1, 2, 3, · · · ) be measurable functions. Prove that there
exist numbers an > 0 (n = 1, 2, 3, · · · ) such that the series ∑∞

n=1 anfn(x) converges for
almost every x ∈ [0, 1].

Proof. Because fn is finite, limk−→∞ f−1
n ((k, ∞)) = 0 for each n ∈ N. Therefore, for each

n ∈ N, there is δ(n) > 1, say, such that m(En) ≤ 1/n2. Here En := f−1
n ((δ(n), ∞)). Let

an = 1
δ(n)·2n . Then the series ∑∞

n=1 anfn(x) diverges if and only if x belongs to infinitely
many E ′

ns. That is x ∈ ⋂∞
k=1 Enk

. The Borel-Cantelli lemma says the set consisting of such
points has measure zero as ∑∞

n=1 m(En) ≤ ∑∞
n=1 1/n2 < ∞.

3. Let f ∈ L1(R). Prove that for every measurable set E ⊂ R of finite measure we have

lim
t−→∞

∫
E

f(x + t) dx = 0.

Proof. Let ϵ > 0 be given. Because f ∈ L1(R) there is δ > 0 such that for any F ⊂ R with
m(F ) < δ we get

∫
F |f | < ϵ

2 . Because m(E) < ∞, we can find an interval [−a, a], say, such
that

∫
R\[−a,a] |f | < ϵ

2 and m(E\[−a, a]) < min{δ, ϵ
2}. Because Lebesgue measure is invariant

under translation, for all t > 2a

|
∫

E
f(x + t)| ≤

∫
E

|f(x + t)| ≤
∫

E∩[−a,a]
|f(x + t)| + ϵ

2 =
∫

(E∩[−a,a])+t
|f(x)| + ϵ

2 <
ϵ

2 + ϵ

2 = ϵ.
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4. Assume that for a function f : R −→ R and a constant C ∈ R, the total variation of
f on every compact interval is smaller than or equal to C. Prove that∫

R
|f(x + h) − f(x)| dx ≤ C|h|.

Proof. Let h ∈ R be given. Define g : R −→ [0, ∞) by g(x) := |f(x + h) − f(x)|. For i ∈ N,
let ai := sup{i|h|, (i + 1)|h|}. Then

∫ (i+1)|h|
i|h| g(x) dx ≤ |h| · g(ai). Thus, for any n ∈ N,

∫
[−n|h|,n|h|]

g(x) dx =
n−1∑

i=−n

∫
[i|h|,(i+1)|h|]

g(x) dx ≤ |h|
n−1∑

i=−n

g(ai) = |h|
n−1∑

i=−n

|f(ai + h) − f(ai)|

≤ |h|V (f, P) ≤ |h|C.

Here P is a partition of [−n|h|, n|h|] that includes the points {ai, ai + h}n−1
i=−n. Because this

is true for any n ∈ N, we obtain the claim by the continuity of the Lebesgue integral.

5. Let f ∈ L∞([0, 1]). Prove that

lim
p−→∞

||f ||p = ||f ||∞.

Proof. Because ||f ||p ≤ ||f ||q for any p ≤ q, the limit L := limp−→∞ ||f ||p exists in [0, ∞]. But

since f ∈ L∞([0, 1]), L ∈ [0, ∞). Notice that ||f ||p =
( ∫

[0,1] |f |p
)1/p

≤
(

||f ||p∞
)1/p

= ||f ||∞.
So, L ≤ ||f ||∞. To show the reverse inequality: for n ∈ N, define

En := {x ∈ [0, 1] : ||f ||∞(1 − 1
n

) ≤ |f(x)| ≤ ||f ||∞}.

Then m(En) > 0. Thus

||f ||pp =
∫

[0,1]
|f |p =

∫
En

|f |p +
∫

[0,1]\En

|f |p ≥ ||f ||p∞ ·
(

1 − 1
n

)p

· m(En)

Hence L = limp−→∞ ||f ||p ≥ ||f ||∞
(

1− 1
n

)
. Since this is true for any n ∈ N, we get L ≥ ||f ||∞

and therefore the claim.

6. Give an example of a function f : [0, 1] −→ R such that f ∈ Lp([0, 1]) for every
p ∈ [1, ∞), but f /∈ L∞([0, 1]).
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Consider the function f : [0, 1] −→ R defined by

f(x) :=


∑∞

n=1 nχ(
2

1
n+1 ,2

1
n

](x) if x ∈ (0, 1]

0 if x = 0.

Clearly, it is unbounded, and for any p ≥ 1,

||f ||pp =
∞∑

n=1

np

2n+1 < ∞

by, for example, the root test. Hence f ∈ Lp([0, 1]).
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Pavel Bleher

Problem 1. Let E be the set of all real numbers x on the interval [0, 1] such that in the
decimal form of x = 0.i1i2i3 · · · the number 5 appears infinitely many times. Prove that
mE = 1.

Proof. Let F := {x ∈ [0, 1] : the decimal expansion of x has no 5}. Then

F c := [0, 1]\F = 1
10(5, 6) ⊔ 1

102

9⊔
i=0
i̸=5

(i5, i6) ⊔ 1
103

9⊔
i,j=0
i,j ̸=5

(ij5, ij6) ⊔ · · ·

(Here we write 5 as 4.9̄ to make F compact)

Thus m(F c) = 1
9

∑∞
i=1( 9

10)i = 1. This says m(F ) = 0. For n ∈ N ∪ {0}, define

Fn := {x ∈ [0, 1] : the decimal expansion of x has no 5 after the nth place}.

Then Fn ⊂ 1
10n

⋃10n−1
i=0 (i + F ). Because the Lebesgue measure is invariant under translation,

we then get m(Fn) = 0 and therefore m(⋃∞
n=1 Fn) = 0. Since E = [0, 1]\(⋃∞

n=1 Fn), we have
the claim.

Problem 2. Prove that if functions f1, f2 are absolutely continuous on [0, 1], then the
function f(x) = max{ef1(x), |f2(x)|} is absolutely continuous on [0, 1] as well.

Proof. Notice that ex is Lipschitz on [0, 1] (with a Lipschitz constant, for example, e. To see:
the line y = x + e lies above the curve y = ex over [0, 1]. Or, the line y = ex lies above the
curve y = ex−1 over [0, 1].). Hence ef1(x) ∈ AC[0, 1]. By the reverse triangle inequality, |f2| ∈
AC[0, 1]. This, together with the fact |f(a) − f(b)| ≤ |ef1(b) − ef1(a)| + ||f2(b)| − |f2(a)|| for
any a, b ∈ [0, 1], gives us f ∈ AC[0, 1].
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Problem 3. Prove that for any integrable function f on the interval [a, b],

lim
n−→∞

∫ b

a
f(x) sin(sin(nx)) dx = 0.

Proof. Because the collection of all step functions on [a, b] with rational values is dense (under
|| · ||1 norm) in L1([a, b]), and due to the linearity of the Lebesgue integral, it is enough to
show

lim
n−→∞

∫ q

p
sin(sin(nx)) dx = 0 for any interval [p, q] ⊆ [a, b].

By changing the variable, we get

lim
n−→∞

|
∫ q

p
sin(sin(nx)) dx| = lim

n−→∞

1
n

|
∫ nq

np
sin(sin(x)) dx| ≤ lim

n−→∞

2
n

= 0.

Note: Over any interval, the area under the curve y = sin x is between −2 and 2.

Problem 4. Prove that for any 1 ≤ p < ∞ there is a constant Cp > 0 such that for any
integrable function f on [0, 1],

|| ln(1 + |f |)||p ≤ Cp(1 + ||f ||1).

Proof. For a fixed p ≥ 1, define the function φp : [1, ∞) −→ ∞ by φp(x) := (p + ln x)p.
Since φ′′

p(x) = − p
x2 (p + ln x)p−2(1 + ln x) < 0 on [1, ∞), φp is concave. Let f ∈ L1([0, 1]).

Since 1 + |f | ≥ 1, by Jensen’s inequality for concave functions, we get∫
[0,1]

φp ◦ (1 + |f |) ≤ φp(
∫

[0,1]
1 + |f |).

Because

|| ln(1 + |f |)||pp ≤
∫

[0,1]
(p + ln(1 + |f |))p =

∫
[0,1]

φp ◦ (1 + |f |)

and

φp

( ∫
[0,1]

1 + |f |
)

=
(

p + ln(
∫

[0,1]
1 + |f |)

)p

=
(

p + ln(1 + ||f ||1)
)p

=
(

ln ep(1 + ||f ||1)
)p

≤ [ep(1 + ||f ||1)]p,

we get the claim by letting Cp = ep.
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Problem 5. Let f ∈ L2[0, 1] and m =
∫

[0,1] f . Prove that

m2 +
( ∫ 1

0
|f(x) − m|dx

)2
≤

∫ 1

0
f 2(x)dx.

Proof. Because f ∈ L2[0, 1], f ∈ L1[0, 1]. Hence |m| < ∞ and

m2 +
( ∫ 1

0
|f(x) − m|dx

)2
≤ m2 +

∫ 1

0
(f − m)2 = m2 +

∫ 1

0
f 2 − 2m2 + m2 =

∫ 1

0
f 2.

The inequality is due to Jensen.

Problem 6. Let f ∈ L1(R) be such that

∫ a+b
2

a
f =

∫ b

a+b
2

f, ∀ − ∞ < a < b < ∞.

Prove that then f(x) = 0 almost everywhere on (−∞, ∞).

Proof. We can assume f ≥ 0. Suppose the set E := f−1((0, ∞)) has a positive measure.
Then there is a > 0 such that M :=

∫ a
−a f > 0. Then, by the hypothesis

∫ 3a
−a f = 2M and

therefore by induction, for any n ∈ N,
∫ (2n−1)a

−a f = nM . Since M > 0,
∫
R f = ∞. This

contradicts the fact that f is integrable. Hence m(E) = 0. The general case follows by
considering f+ and f− separately and |f | = f+ + f−.
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Pavel Bleher

Problem 1. Let E be the set of real numbers x on the interval [0, 1] such that in the decimal
expansion form of x = 0.i1i2i3 · · · , there is no 5, so that ik ̸= 5 for all k. Prove that

1. the set E is uncountable;

2. m(E) = 0, where m(E) is the Lebesgue measure of E.

Proof. 1. The set {x ∈ [0, 1] : the decimal expansion of x consists with only 0 and 1} is
uncountable (by Cantor’s diagonal argument) and is a subset of E.

2. Notice that

[0, 1]\E = 1
10[5, 6) ⊔ 1

102

9⊔
i=0
i̸=5

[i5, i6) ⊔ 1
103

9⊔
i,j=0
i,j ̸=5

[ij5, ij6) ⊔ 1
104

9⊔
i,j,k=0
i,j,k ̸=5

[ijk5, ijk6) ⊔ · · ·

Thus m([0, 1]\E) = 1
9

∑∞
i=1( 9

10)i = 1 and therefore m(E) = 0.

Problem 2. Let E be the same set as in Problem 1. Calculate the fractal dimension of E,
defined as

d := lim
k→∞

ln N(k)
ln k

,

where N(k) is the smallest number of intervals of length 1
k

covering E. Prove rigorously the
existence of the limit.

Answer. Since

[0, 1]\E = 1
10[5, 6) ⊔ 1

102

9⊔
i=0
i̸=5

[i5, i6) ⊔ 1
103

9⊔
i,j=0
i,j ̸=5

[ij5, ij6) ⊔ 1
104

9⊔
i,j,k=0
i,j,k ̸=5

[ijk5, ijk6) ⊔ · · · ,
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for each n ∈ N, E can be covered by 9n number of intervals of length 1/10n. For k ∈ N∪{0},
let nk ∈ N be such that 10nk ≤ k < 10nk+1. Then 9nk = N(10nk) ≤ N(k) ≤ N(10nk+1) =
9nk+1. Hence

nk ln 9
(nk + 1) ln 10 ≤ ln N(k)

ln k
≤ (nk + 1) ln 9

nk ln 10

and therefore by the squeeze theorem, d = ln 9
ln 10 .

Problem 3. Let us enumerate all rational numbers on [0, 1], so that Q∩[0, 1] = {r1, r2, r3, · · · }.
Prove that for any α > −1, the series

f(x) =
∞∑

k=1

|x − rk|α

k2

is convergent for almost all x on [0, 1].

Proof. For n ∈ N, define fn : [0, 1] −→ [0, ∞) by fn(x) := ∑n
k=1

|x−rk|α
k2 . Then

∫
[0,1]

fn(x)dx =
∫

[0,1]

( n∑
k=1

|x − rk|α

k2

)
dx =

n∑
k=1

∫
[0,1]

|x − rk|α

k2 dx

=
n∑

k=1

∫
[0,rk]

(rk − x)α

k2 dx +
∫

[rk,1]

(x − rk)α

k2 dx

=
n∑

k=1

1
k2

( rα+1
k

α + 1 + (1 + rk)α+1

α + 1

)
≤ 1 + 2α+1

α + 1

∞∑
k=1

1
k2 =: M < ∞. (7)

Since M does not depend on n, it is a uniform bound of the sequence (
∫

[0,1] fn)∞
n=1. Because

(fn)∞
n=1 is an increasing sequence, the pointwise limit f(x) = limn−→∞ fn(x) exists in R.

Then by the Monotone Convergence Theorem and (0.1), it exists almost everywhere in R.
In other words, the given series converges for almost every x ∈ [0, 1].

Problem 4. Let f(x) be the function defined in Problem 3. Prove that for any α > 0, f(x)
is absolutely continuous on [0, 1].

Proof. Let fn be as in Problem 3. Notice that each fn is differentiable almost everywhere
on [0, 1] (in fact, it is differentiable at all but finitely many points: r1, · · · , rn) and f ′

n(x) =∑n
k=1 δ(rk)α(x−rk)α−1

k2 . Here δ(rk) = 1 if x > rk and δ(rk) = −1 if x < rk. Notice that
|f ′

n(x)| ≤ α
∑n

k=1
|x−rk|α−1

k2 . Because α > 0, α − 1 > −1. So, by replacing α with α − 1 in
Problem 3 we see that the series g(x) := ∑∞

k=1 δ(rk)α(x−rk)α−1

k2 (= limn−→∞ f ′
n(x)) converges
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absolutely for almost every x ∈ [0, 1]. Hence

f(x) = lim
n−→∞

fn(x) = lim
n−→∞

(
fn(0) +

∫ x

0
f ′

n(t) dt
)

= lim
n−→∞

fn(0) + lim
n−→∞

∫ x

0
f ′

n(t) dt

= f(0) +
∫ x

0
lim

n−→∞
f ′

n(t) dt, by general LDCT

= f(0) +
∫ x

0
g(t) dt.

By comparison test, limn−→0 fn(0) = f(0).

This says f is an indefinite integral over [0, 1]. Hence f ∈ AC([0, 1]).

Problem 5. Prove that for any integrable function f on (−∞, ∞),

lim
n−→∞

∫
R

cos(nx2) f(x) dx = 0.

Proof. By the definition of Lebesgue integral of a non-negative function (we can assume f ≥
0. The general case follows by considering the positive and negative parts of f separately), if
we can show the claim for any non-negative bounded function of finite support, then we are
done. But any such a function can be approximated by (in this case by || · ||1) step functions.
Therefore by the linearity of the Lebesgue integral, if we can show the claim for the case
f(x) = 1 then we are done. In fact

lim
n−→∞

∣∣∣ ∫
R

cos(nx2) dx
∣∣∣ = lim

n−→∞

∣∣∣ ∫
R

cos(x2)√
n

dx
∣∣∣, by letting x = x√

n
.

= lim
n−→∞

1√
n

∣∣∣ ∫
R

cos(x2) dx
∣∣∣

≤ lim
n−→∞

2√
n

= 0.

This implies limn−→∞
∫
R cos(nx2) dx = 0, and therefore the claim.

Problem 6. Let f(x) be an integrable function on (−∞, ∞) and

fn(x) = n
∫ x+ 1

n

x
f(t) dt, n = 1, 2, 3, · · ·

Prove that
lim

n→∞

∫
R

|fn(x) − f(x)|dx = 0.
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Proof. • Proof 1 Let n ∈ N. Notice that

∫
R

|fn(x)| dx =
∞∑

k=−∞

∫ 1
n

0
|fn(x + k

n
)| dx =

∫ 1
n

0

( ∞∑
k=−∞

|fn(x + k

n
)|
)

dx

≤
∫ 1

n

0

( ∞∑
k=−∞

n
∫ x+ k+1

n

x+ k
n

|f(t))| dt
)

dx

=
∫ 1

n

0
n

∫
R

|f | dx =
∫
R

|f | dx.

Thus

||fn||1 ≤ ||f ||1, for all n ∈ N. (8)

Let s(x) := ∑k
i=1 aiχI1(x) be a step function. Then

sn(x) = n
∫ x+ 1

n

x

k∑
i=1

aiχIi
(t) dt = n

k∑
i=1

aim(Ii ∩ [x, x + 1
n

]).

Let x be a point in the interior of ∪k
i=1Ii. WLOG assume x ∈ int(Ij) = (pj, qj) for some

j ∈ {1, · · · , k} and pj, qj ∈ R. Then there is N ∈ N (for example, take N such that
1
N

≤ min{x − pj, qj − x}) such that for each n > N , [x, x + 1
n
] ∈ Ij. Hence for each n > N ,

sn(x) = aj = s(x). If x /∈ ⋃k
i=1 Ij, then clearly s(x) = sn(x) = 0 for any n ∈ N. And the set

of end-points of the intervals Ii’s is finite. This says sn
a.e−→ s. That is (sn − s) a.e−→ 0. Then

by the Lebesgue Dominated Convergence Theorem, we have the claim for any step function:

lim
n→∞

||sn − s||1 = 0. (9)

Let f ∈ L1(R). Let ϵ > 0 be given. Then we can find s ∈ step(R) such that ||f − s||1 < ϵ
2 .

Then by (0.2) we have ||fn − sn||1 = ||(fn − sn)||1 ≤ ||f − s||1 < ϵ
2 . Thus

||fn − f ||1 ≤ ||fn − sn||1 + ||sn − s||1 + ||s − f ||1 < ||sn − s|| + ϵ.

Then by taking the limit as n → 0, we get limn→∞ ||fn − f ||1 = 0 as ϵ > 0 is arbitrary.

• Proof 2 Define F : R → R by F (x) :=
∫ x

0 f(t)dt. Because f ∈ L1(−∞, ∞), this is
well-defined and absolutely continuous. Thus F ′(x) = f(x) for almost every x ∈ (−∞, ∞).
Notice that

F (x + 1
n
) − F (x)
1
n

= fn(x), for n ∈ N.

Thus limn→∞ fn(x) = f(x) for almost every x ∈ R. By Minkowski’s inequality and (0.2)
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we have ||fn − f ||1 ≤ ||fn||1 + ||f ||1 ≤ 2||f ||1 < ∞. Therefore, by the Lebesgue Dominated
Convergence Theorem,

lim
n→∞

∫
R

|fn(x) − f(x)|dx = 0.
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Pavel Bleher

Problem 1. Let E ⊂ R, mE = 0, and P (x) a real polynomial of degree d ≥ 1. Let

S = P −1(E) = {x ∈ R : P (x) ∈ E}.

Prove that mS = 0.

Proof. Let I ⊂ R be a bounded interval. Then P −1(I) consists of at-most d disjoint bounded
intervals. Notice that if l(I) goes to 0 (that is when I contracts to a point), m(P −1(I)) goes
to 0 as well. Otherwise, there will be a point a such that P −1({a}) has an interval. But
that contradicts d ≥ 1. Thus, for a given ϵ > 0, there is d(ϵ) > 0 such that if l(I) < d(ϵ),
then m(P −1(I)) < ϵ (basically because P is continuous and P ′ is bounded on compact sets).
Because m(E) = 0, we can find a countable collection {Ii,ϵ}i∈N of disjoint open intervals that
form an open cover of E such that l(Ii,ϵ) ≤ d( ϵ

2i ). Then S = P −1(E) ⊂ P −1(⊔∞
i=1 Ii,ϵ) =⊔∞

i=1 P −1(Ii,ϵ) and therefore m(S) ≤ ∑∞
i=1 m(P −1(Ii,ϵ)) ≤ ϵ (S is measurable as E and f are

measurable). Because this is true for any ϵ > 0, m(S) = 0.

Problem 2. Prove that the function

f(x) =
∞∑

n=1

| tan(nx)|1/2

n2

is finite almost everywhere on the interval [0, π].

Proof. If we can prove f ∈ L1([0, π]), then we are done. For k ∈ N, define

fk(x) :=
k∑

n=1

| tan(nx)|1/2

n2 .
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Then
∫ π

0
fk(x) dx =

k∑
n=1

∫ π

0

| tan(nx)|1/2

n2 dx =
k∑

n=1

∫ nπ

0

| tan(x)|1/2

n3 dx

≤
k∑

n=1

1
n3

n−1∑
i=0

∫ (i+1)π

iπ

∣∣∣(i + 1
2)π − x

∣∣∣− 1
2

dx

(
∵ | tan(nx)|1/2 ≤

∣∣∣π2 − x
∣∣∣− 1

2 on [0, π]
)

=
k∑

n=1

1
n3

n−1∑
i=0

2
√

2π = 2
√

2π
k∑

n=1

1
n2

≤ 2
√

2π
∞∑

n=1

1
n2 =: M < ∞.

Since this is true for any k ∈ N, by the Monotone Convergence Theorem,
∫ π

0 f(x) ≤ M < ∞.

Problem 3. Prove that for any integrable function f on the line,

lim
n→∞

∫ ∞

∞
f(x) [sin(nx)]n dx = 0.

Proof. • Proof 1. By the density of step(R) in L1(R) under || · ||1 and the linearity of the
Lebesgue integral, it is enough to show the claim for the case when f ∈ step(R). So let
f(x) a.e= χ[a,b](x) for any interval [a, b]. By the change of variables, we get

∫ ∞

−∞
χ[a,b](x) · [sin(nx)]n dx = 1/n

∫ nb

na
(sin x)n dx.

Let αn = 1−1/ ln(n+1). Then αn ↗ 1 and limn→∞ αn
n = 0. For n ∈ N, choose En ⊂ [na, nb]

so that αn ≥ sup{| sin x| : x ∈ [na, nb]\En} and
∫

En
| sin x|n dx ≤ an ≤ 1.

(Idea: Depending on n ∈ N, choose a finite collection of disjoint intervals around the points
[na, nb] ∩ sin−1({±1}) with the above given properties).

Then

lim
n→∞

1
n

∫ nb

na
| sin x|n dx = lim

n→∞

( 1
n

∫
(na,nb)\En

| sin x|n dx + 1
n

∫
En

| sin x|n dx
)

≤ lim
n→∞

( 1
n

· αn
n · (nb − na) + 1

n
· 1
)

= lim
n→∞

αn
n(b − a)

= 0.
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• Proof 2. Instead of creating the sequence (En)n=1 of sets as above, use the fact m
(⋃∞

n=1 sin−1({±1})/n
)

=
0 and the Lebesgue Dominated Convergence Theorem on
fn(x) := χ[a,b](x) · sinn(nx).

Problem 4. Let f ≥ 0 be a measurable function on E ⊂ R and mE < ∞. Let

En = {x ∈ E : f(x) ≥ n}.

Prove that f is integrable if and only if

∞∑
n=1

mEn < ∞.

Proof. Notice that ∑∞
n=1 m(En) = ∑∞

n=1 n · m(En\En+1) and

∞∑
n=1

n · m(En\En+1) ≤
∞∑

n=1

∫
En\En+1

f ≤
∞∑

n=1
(n + 1) · m(En\En+1). (10)

Because m(E) < ∞,

f is integrable iff
∫

E1
f < ∞ iff

∞∑
n=1

∫
En\En+1

f < ∞.

Then by the comparison tests (standard and limit comparison tests) and (0.4), we get the
claim.

Problem 5. Let f be a measurable function on [0, 1] and

A = {x ∈ [0, 1] : f(x) ∈ Z}.

Prove that the set A is measurable and

lim
n→∞

∫ 1

0
| cos(πf(x))|n dx = mA.

Proof. Because A = ⊔
n∈Z f−1({n}), it is measurable as a countable union of measurable sets

is measurable.

lim
n→∞

∫ 1

0
| cos(πf(x))|n dx = lim

n→∞

∫
[0,1]\A

| cos(πf(x))|n dx + lim
n→∞

∫
A

| cos(πf(x))|n dx

= 0 + lim
n→∞

∫
A

1 dx, ∵ | cos(πf(x)χ[0,1]\A(x))|n → 0 and by LDCT.

= m(A).
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Problem 6. Let fn(x) = cos(nx) on [0, 2π]. Prove that there is no sub-sequence fnk

converging almost everywhere in [0, 2π].

Proof. Let (fnk
)k∈N be a sub-sequence of (fn)n∈N. For the sake of contradiction, let’s as-

sume that it converges almost everywhere on [0, 2π]. Then the sequence
(
(fnk

− fnk+1

)2)∞
k=0

converges to 0 almost everywhere on [0, 2π]. Therefore, by LDCT,

0 = lim
k→∞

∫ 2π

0
(fnk

− fnk+1)2 = lim
k→∞

∫ 2π

0

(
cos(nkx) − cos(nk+1x)

)2
dx = 2π.

Hence, the contradiction.
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Pavel Bleher

Problem 1. Let F be a bounded, closed set on the line, and

Fϵ =
⋃

x∈F

[x − ϵ, x + ϵ], ϵ > 0.

Prove that limϵ→0 mFϵ = mF , where m is the Lebesgue measure.

Proof. Because F = ⋂
k=1 F1/k, we have the claim by the continuity of Lebesgue measure

(and, if you want, the squeeze theorem).

Problem 2. Let E1 ⊂ E2 ⊂ · · · be an increasing sequence of Lebesgue measurable sets on
the line, such that the set E = ⋃∞

n=1 En has a finite Lebesgue measure, mE < ∞. Prove
that for any set A ⊂ R (not necessarily measurable),

lim
n→∞

m∗(A ∩ En) = m∗(A ∩ E).

Proof. Because En ∩ A ⊂ E ∩ A for all n ∈ N, we have

lim sup
n→∞

m∗(A ∩ En) ≤ m∗(A ∩ E).

On the other hand, because m∗(A ∩ E) < m(E\En) + m∗(A ∩ En), we have

m∗(A ∩ E) ≤ lim inf
n→∞

m∗(A ∩ En).

Thus
lim

n→∞
m∗(A ∩ En) = m∗(A ∩ E).
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Problem 3. Let f ∈ L1(−∞, ∞). Find the limit,

lim
n→∞

∫ ∞

−∞
f(x)

(
cos x + sin2 x

2

)n

dx,

and justify your answer.

Answer. Notice that 0 ≤ (1−cos x)2 implies cos x+sin2 x/2 ≤ 1. Hence, the maximum value
the function g(x) := | cos x + sin2 x/2| can obtain is 1, and g−1({1}) is countable. Because
f ∈ L1(−∞, ∞), f−1({∞}) has measure zero. Therefore, the set E := g−1({1}) ∪ f−1({∞})
also has measure zero. Define the sequence (fn)n=1 of measurable functions on R by fn(x) :=
f(x)

(
cos x + sin2 x

2

)n

. Then it is integrable as |fn| ≤ |f |, and fn → 0 for all x ∈ R\E. Thus,
by the Lebesgue Dominated Convergence Theorem,

lim
n→∞

∫ ∞

−∞
f(x)

(
cos x + sin2 x

2

)n

dx = 0.

Problem 4. Prove that for any integrable function f on the interval [a, b],

lim
n→∞

∫ b

a

cos(nx)
1 + sin2(nx)f(x) dx = 0.

Proof. Due to the separability of L1[a, b] by S ′[a, b] (the collection of all step functions on
[a, b] with rational values) under L1[a, b] norm, and the linearity of the Lebesgue integral, if
we can show the claim when f(x) = 1 on any sub-interval [p, q] ⊆ [a, b], then we are done.
In fact

lim
n→∞

∫ q

p

cos(nx)
1 + sin2(nx) dx = lim

n→∞

[tan−1(sin(nx))
n

]q

p
≤ lim

n→∞

π

n
= 0.

Problem 5. Let E ⊂ [0, 1] be a measurable set such that there exists ϵ > 0 such that

m(E ∩ [a, b]) ≥ ϵ|b − a|

for all [a, b] ⊂ [0, 1]. Prove that mE = 1.

Proof. We show m(Ec) = m([0, 1]\E) = 0. For k > 1, choose collection {In}n=1 of open
disjoint intervals such that Ec ⊂ ⊔

n=1 In and ∑
n=1 m(In) < m(Ec) + ϵ/k. Then

ϵ
∑
n=1

m(In) ≤
∑
n=1

m(E ∩ In) < m(
( ⊔

n=1
In

)
\Ec) =

∑
n=1

m(In) − m(Ec) <
ϵ

k
.
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This implies ∑
n=1 m(In) ≤ 1/k for any k > 1. Thus ∑

n=1 m(In) = 0. Because Ec ⊂ ⊔
n=1 In,

m(Ec) = 0.

Problem 6. Prove that for any function f ∈ L2[0, 1],

|| ln(1 + |f |)||L1[0,1] ≤ ||f ||L2[0,1].

Proof. By Jensen’s inequality (on φ(x) = x2),

|| ln(1 + |f |)||2L1[0,1] ≤
∫ (

ln(1 + |f |)
)2

. (11)

A fact:

For any x ≥ 0, ln(1 + x) ≤ x. (12)

By combining (11) and (12), we obtain the claim.
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Pavel Bleher

Problem 1. Let E be the set of real numbers x on the interval [0, 1] such that in the decimal
form of x = 0.i1i2i3 · · · there is no string of four consecutive digits 2018. Prove that

1. the set E is uncountable

2. mE = 0, where mE is the Lebesgue measure of E.

Proof. 1. The set {x ∈ [0, 1] : the decimal expansion of x consists with only 3 and 4} is
uncountable (by Cantor’s diagonal argument), and is a subset of E.

2. Notice that

[0, 1]\E = 1
104 [2018, 2019) ⊔ 1

108

104−1⊔
i=0

i̸=2018

[i2018, i2019) ⊔ 1
1012

104−1⊔
i,j=0

i,j ̸=2018

[ij2018, ij2019) ⊔ · · ·

Thus m([0, 1]\E) = 1
104−1

∑∞
i=1(104−1

104 )i = 1, and therefore m(E) = 0.

Problem 2. Prove that the function

f(x) =
∞∑

n=1

|x − n−1|1/2

n2

is absolutely continuous on [0, 1].

Proof. Because |x−1/n| ≤ 1 for any x ∈ [0, 1], the series ∑∞
n=1

|x−n−1|1/2

n2 converges absolutely
for all x ∈ [0, 1]. Thus for any a, b ∈ [0, 1], a < b we have

|f(b) − f(a)| =
∣∣∣ ∞∑

n=1

|b − n−1|1/2

n2 −
∞∑

n=1

|a − n−1|1/2

n2

∣∣∣ ≤
∞∑

n=1

b − a

2n3/2 ≤ M(b − a).
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Here M = ∑∞
n=1

1
n3/2 . Thus f is Lipschitz and therefore absolutely continuous.

Problem 3. Prove that for any integrable function f on the interval [a, b],

lim
n→∞

∫ b

a
f(x) sin4(nx)dx = 3

8

∫ b

a
f(x) dx.

Proof. We have that
sin4(nx) = 3 − 4 cos(2nx) + cos(4nx)

8 .

Thus, if we can show that
lim

n→∞

∫ b

a
f(x) cos(knx)dx = 0,

for any f ∈ L1[a, b] and any constant k ∈ R, then we are done. Because S[a, b] - the
collection of all step functions on [a, b], is dense in L1[a, b] under L1[a, b] norm, and the
Lebesgue integral is linear, if we can show that

lim
n→∞

∫ q

p
cos(nx)dx = 0 for any p, q ∈ R, p < q,

then we are done. In fact

lim
n→∞

∣∣ ∫ q

p
cos(nx)dx

∣∣∣ = lim
n→∞

1
n

∣∣∣ ∫ nq

np
cos xdx

∣∣∣ ≤ lim
n→∞

2
n

= 0.

Problem 4. Let f ∈ L2(−∞, ∞). Prove that

lim
n→∞

∫ ∞

−∞
f(x)f(x + n)dx = 0.

Proof. Because
∫
R f(x)dx =

∫
R f(x + n)dx for any n ∈ N, from Holder’s inequality, we have∫

R

∣∣f(x)f(x + n)
∣∣dx ≤ ||f(x)||2 · ||f(x + n)||2 = ||f(x)||22 < ∞.

Thus, f(x)f(x + n) ∈ L1(−∞, ∞) for all n ∈ N. Therefore, if we can show

lim
n→∞

∫ N

−N
f(x)f(x + n)dx = 0 for any N ∈ N,

, then we are done.

And if we can show this claim for any simple function on [−N, N ], then we are done by
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the simple approximation theorem. Let φ(x) = ∑k
i=1 aiχEi

(x) where Ei ⊂ [−N, N ] for all
i = 1, · · · k. Then φ(x + n) = ∑k

i=1 aiχEi−n(x). Hence,

∫
[−N,N ]

φ(x)φ(x + n)dx =
k∑

i=1,j=i

aiajm(Ei ∩ (Ej − n)).

Because each Ej is bounded, for large enough n (say n > 2N) we have that Ei ∩ (Ej −n) = ∅
for all i, j ∈ {1, · · · k}. Thus,

lim
n→∞

∫
[−N,N ]

φ(x)φ(x + n)dx = 0.

Problem 5. Let f ∈ L3[0, π] and

g(x) = f(x)
| sin x|0.1 .

Prove that ||g||2 ≤ 2||f ||3.

Proof. Let θ ∈ [0, π/2] be such that θ3 = sin2 θ. Then simple calculations show that π/4 <

θ < π/3. So, x3 < sin2 x on [0, θ) and sin2 x < x3 on (θ, π/2]. Hence
∫ π

0

dx

sin0.6 x
= 2

∫ π/2

0

dx

sin0.6 x
∵ y = 1/ sin0.6 x is symmetric around x = π/2

≤ 2
( ∫ θ

0

dx

x0.9 +
∫ π/2

θ

dx

sin0.6 x

)
≤ 2

([
x0.1]θ

0 + π/2 − θ

sin0.6 θ

)
≤ 2

(
θ0.1 + π/4

θ0.9

)
≤ 2

(
(π/3)0.1 + (π/4)0.1) < 2(2 + 2)

< 8. (13)

This says that sin0.2 x ∈ L3[0, π]. Then by (generalized) Holder’s inequality, we have

||g||2 =
( ∫

[0,π]

f(x)2

sin0.2(x)dx
)1/2

≤ ||f ||3
( ∫

[0,π]

dx

sin0.6 x

)1/6
≤ ||f ||381/6 < 2||f ||3.

Problem 6. Let f(x) be an integrable function on (−∞, ∞) and n ≥ 1 an integer. Define

fn(x) = n
∫ x+ 1

n

x
f(t)dt.

Prove that ||fn||1 ≤ ||f ||1.
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Proof. • Proof 1. By Tonelli,

||f ||n ≤
∫
R

n
∫
R

|f(t)| · χ[x,x+ 1
n

]dtdx =
∫
R

n
∫
R

|f(t)| · χ[x,x+ 1
n

]dxdt =
∫
R

n|f(t)| 1
n

= ||f ||1.

• Proof 2.

||f ||n =
∫
R

|fn(x)| dx =
∞∑

k=−∞

∫ 1
n

0
|fn(x + k

n
)| dx =

∫ 1
n

0

( ∞∑
k=−∞

∣∣fn(x + k

n
)
∣∣) dx

≤
∫ 1

n

0

( ∞∑
k=−∞

n
∫ x+ k+1

n

x+ k
n

|f(t)| dt
)

dx

=
∫ 1

n

0
n||f ||1 dx = ||f ||1.
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